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POSTULATES FOR SEPARATION OF POINT-PAIRS 
(REVERSIBLE ORDER ON A CLOSED LINE).! 


By Epwarp V. HunTINGTON AND Kurt E. RosInceEr, 
HarvarD UNIVERSITY. 


INTRODUCTION. 


THIs paper extends to the tetradic relation aBcD the same de- 
tailed treatment that was given to the triadic relation ABC in two 
papers on Betweenness published in 1917 and 1924.” 

The great variety of logical processes involved in the several hund- 
red theorems contained in these papers, combined with the extremely 
simple nature of the fundamental concepts involved, make the whole 
subject of order a veritable gold-mine of illustrative material for the 
logician. It is hoped that the present paper, which is the joint prod- 
uct of a worker in mathematics and a worker in philosophy, may 
serve to stimulate further the growing interest in the problems of 
logic which stand on the borderland between these two fields. Cer- 
tainly no such wealth of source-material of this particular kind has 
ever before been available, either in mathematics or in philosophy. 

The methods here followed are the usual methods of postulational 
theory. Some improvements will be found, however, in the form of 
the two tables presented at the end of the paper; and the new sign vs 
(“versus”), meaning “conflicts with,” will be found to be a con- 
venient abbreviation. Thus ABCD. vs . ABDC is an alternative 
notation for aBcD. ABDC: = :0. Thesign D means “If .. . then,” 
the sign v means “or” (in the sense of “at least one’’), and the dot 
means “‘and.” 

From the purely geometrical point of view, this paper completes 
the postulational study of the four most important types of order: 





1 Presented to the American Mathematical Society by E. V. Huntington on 
April 11, 1925, and subsequently revised by the joint authors. An abstract of 
the paper, with special reference to Set X, was published in the Proceedings of 
the National Academy of Sciences, vol. 11 (1925), pp. 687-689. 

2. V. Huntington and J. R. Kline, Sets of independent postulates for be- 
tweenness, Transactions Amer. Math. Soc., vol. 18 (1917), pp. 301-325; and 
EK. V. Huntington, A new set of postulates for betweenness with proof of com- 
plete independence, ibid., vol. 26 (1924), pp. 257-282. See also W. E. Van de 
Walle, On the complete independence of the postulates for betweenness, ibid., 
vol. 26 (1924), pp. 249-256. 
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(1) serial order, of points on a directed open line; (2) cyclic order, of 
points on a directed closed line;* (3) betweenness, of points on an un- 
directed open line; (4) separation, of pairs of points on an undirected 
closed line. The theory of separation of point-pairs, or reversible 
order on a closed line, was first systematically studied by Pasch in 
1882. The first set of postulates for this theory was given by Vailati 
in 1895. 
Basic List oF SEVENTEEN POSTULATES. 


In the following general list, we collect together all the seventeen 
postulates whose logical inter-relations we propose to study in the 
present paper. These postulates relate to a system (K, R) in which 
K is a class of at least four elements A, B,C,. . .;and Risa tetradic 
relation, denoted by R (aBcbD), or simply ABCD. 

The most familiar example of a system (K, R) in which all these 
postulates are true is that in which K means the class of points on a 
closed line, and R (ascp) means that the pair of points ac separates 
the pair of points Bp. In other words, these postulates characterize 
the theory of reversible order on a closed line. 

The first postulate (Postulate D) serves to exclude obviously 
trivial cases and will be assumed without further mention throughout 
the paper. The lettered postulates, F, F’, G, H, and R, R’, concern 
four elements. The numbered postulates, 10-19, concern five ele- 
ments. The numbering of these postulates is so chosen as to avoid 
confusion with the numbering already used in the papers on be- 
tweenness. 

PostuLaTE D. If apscp, then a, B, Cc, D are distinct. (Distinct- 
ness. ) 

In all the following postulates, it is understood that distinct letters 
denote distinct elements of the class K. 

PostuLaTeE F. If a, B, C, D are any distinct elements, then at 
least one of the twenty-four permutations ABCD, ABDC, . . . DCBA, 
will form a true tetrad. (“ Foursomeness.’’) 

PostuLateE F’. At least one tetrad is true, say XYzw. 

PostuLaTeE G. apcp.2.BcpdA. (Cyclicity.) 

PosTuLaTeE H. ascp.appc: = :0. (“ Homogeneity.’’) 

PosTuLaTeE R. Every true tetrad is reversible: aBcbD .2. DCBA. 
(Reversibility. ) 


‘See E. V. Huntington, Sets of completely independent postulates for 
eyclic order, Proceedings National Academy of Sciences, vol. 10 (1924), pp. 
74-78. 
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PosTULATE R’. At least one true tetrad is reversible. 
PosTULATE 10. aBcD.x.9.axcpv aBcx. (“Connexity.’’) 
PosTULATE 11. ABXC.ABCY.. ABXY. 


POSTULATE 12. ABXC. ABCY. 2. BXCY. 

PosTULATE 13. ABXC.ABCY.™. AXCY. 

POSTULATE 14. ABCX. ABCY .>. ABXY ¥ ABYX. 

PosTULATE 15. ABCX. ABCY.2. ACXY v ACYX. 

PosTULATE 16. ABCX. ABCY . 2. BCXY v BCYX. 

PosTULATE 17. ABCX. ABCY. 2. (ABXY v ACYX) . (ABYX ¥ ACXY). 
PosTULATE 18. ABCX. ABCY.2. (ABXY ¥ BCYX) . (ABYX ¥ BCXY). 
PosTuLATE 19. ABCX. ABCY. >. (ACXY ¥ BCYX) . (ACYX ¥ BCXY). 


The list as a whole contains, of course, many redundancies. In 
particular, Postulate F’ is merely a weaker form of F, and Postulate 
R’ is merely a weaker form of R. 

In the main part of the paper, all the ways in which any one of 
these seventeen postulates can be deduced from any others are es- 
tablished, in 267 theorems on deducibility. 

In the second part of the paper, 88 examples of systems (K, R) are 
given, which are used, in the usual way, to provide proofs of con- 
sistency and independence. These examples yield 154 theorems on 
non-deducibility. 

As the main result of these two sets of theorems, it is found that 
from the complete list of seventeen postulates it is possible to select 
ten and only ten sets of independent postulates, as follows: 


i. §,G, 8,8, &¥. ¥,¢6,8,8,11,6. Vi. F,G, 8,8, 11, 17. 

II. F,G,H,R,12. V. F,G,H,R,11,15. VIII. F, G, H, R, 11, 18. 

II. F,G, H,R,13. VI. F,G,H,R,11,16. IA. F,G,H, R, 11, 19. 
X. F’, R’, G, H, 10. 


The simplest of these sets is the last: F’, R’, G, H, 10. In this set, 
Postulate F’ serves merely to exclude the trivial case of a system (K, 
R) in which no tetrad is true. Postulates G, H, 10 apply to any 
system of order on a closed line, whether reversible or non-reversible. 
[It can be shown (see Theorem R. 1, Corollary) that in any system 
which satisfies G, H, 10 either every true tetrad is reversible or no 
true tetrad is reversible.] Postulate R’ serves to exclude the non- 
reversible case.‘ 





‘If Postulate R’ is replaced by the following: Postulate 8S‘: At least one true 
tetrad is non-reversible; then the postulates F’, 8S’, G, H, 10 will form a set of 
independent postulates for cyclic order. See a forthcoming paper by E. V. 
Huntington on ‘‘The inter-relations of four types of order.”’ 
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In the proofs which follow, every step of the demonstration is 
given explicitly, except in the case of two theorems (14.31 and 15.45) 
in which the proof is left to the reader. It will be observed that there 
are no proofs for Postulates D,G and H. The only proofs for F’ and 
R’ are the obvious proofs from F and R respectively. 


E1cut Proors oF Postu.ateE F. 


THEOREM F.1. Proof of F from F’, G, H, 10. 


To prove: If a, B, Cc, D are distinct, then at least one of the twenty- 
four permutations, ABCD, ABDC,. . . , DCBA, will form a true tetrad. 

By Postulate F’, there exists at least one true tetrad, xyzw. 

By 10, xyzw.a.3.xazwv xyza. By G, azwxv axyz. 

If azwx, then by 10, azwx .Y.5. AYWX ¥ AZWY. 

If axyz, then by 10, axyz.w.D. awyzv Aaxyw. 

Hence at least one of the following four cases is true: 


(1) azwx . aywx; by G, zwxa. wxay. 
(2) Aazwx . azwy; by G, WXAZ. ZWYA. 
(3) axyz.awyz; by G, xyza. YZAw. 
(4) axyz.axyw; by G, YZAX . XYWA. 


Now by G, xyzw .D . yzwx. 

By 10, yzwx.a.9.yawxvyzwa. By G, awxyy ayzw. 
If awxy, then by 10, awxy.z.3. AzxXy v AWXZ. 

If ayzw, then by 10, ayzw.x.5. AXzwvy AYZX. 

Hence at least one of the following four cases is true: 


(1’) ayzw. ayzx; by G, zway . YZWA. YZXA. 
(2’) awxy. azxy; by G, WxYA. XYAW. XYAZ. 
(3’) awxy . Awxz; by G, wxYa. XYAW . WXZA. 
(4.) ayzw. axzw; by G, ZWAY . YZWA. ZWAX. 


But by H, Case 1 conflicts with 2’ and 3’ (since wxay . vs . WxYA) 
and also with 4’ (since zwxa.vs.zWwax). Hence 1.3. 1’. 

By H, Case 2 conflicts with 1’ and 4’ (since zwya. vs. zway), and 
also with 3’ (since wxaz. vs. WwxzA). Hence 2.5. 2’. 

By H, Case 3 conflicts with 1’ and 4’ (since yzAW. vs . YZWA), and 
also with 2’ (since xyzA.vs.xyYaz). Hence 3.3. 3’. 

By H, Case 4 conflicts with 2’ and 3’ (since xywa. vs. XYAW), and 
also with 1’ (since yzax.vs.yzxa). Hence 4.59.4’. 

Therefore at least one of the following four cases is true: 
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(a) AYZW .AZWX . AYWX . AYZX. 
(b) AZWY . AZWX . AWXY . AZXY. 
(c) AWYZ. AWXZ. AWXY . AXYZ. 
(d) AYZW . AXZW . AXYW . AXYZ. 


Hence in any case, AYZW v AZWY ¥ AWYZ. 
Also, AZWX ¥ AWXZ ¥ AXZW. 

Also, AYWX ¥ AWXY ¥ AXYW. 

Also, AYZX ¥ AZXY ¥ AXYZ. 


Introducing the notation P (A, B, Cc, D) to mean: “at least one of the 
twenty-four tetrads formed from the letters a, B, C, D is true,” 
these results may be written: 


XYZW.A.—].P(A, Y, Z, W) . P(X, A, Z, W) . P(Z, Y, A, W) . P (X, Y, Z, A). 


But the conclusion of this proposition clearly does not depend on the 
order of the letters x, y, z, w. Hence we have the general formula: 


P (x, Y, Z,W).A.—2.P (A, Y, Z, W). P (X, A, Z, W). P (X, Y, A, W). 
> Gt, SM Ab 


By successive applications of this formula, we have: 


XYZW .A.—.P (A, Y, Z, W). 

P (A, Y, Z, W).B.—. P (A, B, Z, W). 
P (A, B, Z, W).C.—. P (A, B, C, W). 
P (A, B,C, W).D.-.P (A, B, C, D). 


Therefore, Xyzw.A.B.C.D.2.P (A,B, C,D), which was to be proved. 


THEOREM F. 2. Proof of F from F’, G, 10, 12. 


To prove: If a, B, Cc, D are distinct, then at least one of the twenty- 
four tetrads which can be formed from the elements A, B, C, D will be 
true; that is, prove P (A, B, C, D). 

By F’, at least one tetrad is true, say xyzw. By G, yzwx. 


+ 


Case 1. Let A, B, C, D be distinct from x, Y, Z, W. 

Suppose P (A, Y, Z, W) = 0; that is, suppose every tetrad formed from 
the four elements A, Y, Z, W is false. 

By 10, yzwx .a.9.yYaAwxvyzwa. But yzwa is false, by supposition. 
Hence yawx; whence, by G, xyaw. 





’ This notation is due to Professor C. H. Langford (See Trans. Amer. Math. 
Soc. 26: p. 279, 1924). 
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By 10, xyzw.a.3D.xazwv xyza. But if xyza, then by 12, xyza. 
XYAW .2. YZAW, which is false. Hence xazw; whence, by G, wxaz. 

By G, xyaw.3.wxya. By 12, wxya. Wwxaz.2. XYAZ. 

By 12, xyaz.xyzw .>. yazw, which is false. 

Hence the supposition is false; that is, P (A, y, Z, W) is true. 

Now by G, xyzw.D.yYZwWx . ZwWxy . Wxyz, and, exactly as above, 
YZWX.A.2.P (A, Z, W, X) and ZWxY.A.—.P (A, W, X, Y) and 
WEE .A.2.P (a, &, ¥, &). 

Hence xyzw.a.—.P (A, Y, Z, W).P (X, A, Z, W).P (X, Y, A, W). 
P (X, Y, Z, A). 

But the conclusion of this proposition clearly does not depend on the 
order of the letters x, y, z, w, so that in the premiss xyzw might 
have been any other tetrad formed from the letters x, y,z,w. Hence 
we have the general formula: 


P (X, Y, Z, W).A:2:P (A, Y, Z, W). P(X, A, Z, W). P (X, Y, A, W). 
P (x, Y, Z, A). 


By applying the second, third, and fourth part of this formula, we have 


P (A, Y, Z, W).B.2>.P (A, B, Z, W), 
P (A, B, Z, W).C.2.P (A, B, C, W), 
P (A, B,C, W).D.2. P(A, B,C, D). 


Therefore P (A, B, C, D), which was to be proved. 


Case 2. If any of the elements A, B, C, D are equal to any of the ele- 
ments X, Y, Z, W, certain steps of the above proof are unnecessary. 
Hence in any case, P (A, B, C, D). 


THEOREM F. 3. Proof of F from F’, G, 10, 13. 


To prove: If a, B, Cc, D are distinct, then at least one of the twenty-four 
tetrads which can be formed from the elements A, B, C, D will be 
true; that is, prove P (A, B, C, D). 

By F’, at least one tetrad is true, say xyzw. By G, yzwx. 


Case 1. Let A, B, Cc, D be distinct from xyzw. 

Suppose P (A, Y, Z, W) = 0; that is, suppose every tetrad formed from 
the four elements A, y, Z, W is false. 

By 10, yzwx.a.93.yawxvyzwa. But yzwais false. Hence yawx; 
whence by G, xyaw and wxyYa. 

Now by G, yzwx .3.zwxy. By 10, zwxy.a.3. ZAXY ¥ ZWXA. 


























POSTULATES FOR SEPARATION OF POINT-PAIRS O04 


But if zwxa, then by G, wxaz, and by 13, wxya. WXAz.D. WYAz, 
which is false. 

Hence zaAxy, whence by G, xyza. By 13, xyza.xyAw. 2. XZAw, 
whence, by G, wxza. 

Now by G, xyzw.5.wxyz. By 13, wxyz.wxza.D.wyza, which 
is false. 

Hence the supposition is false; that is, Pp (A, y, z, W) is true. 

From this point, the proof (including Case 2) duplicates the proof of 
Theorem F. 2. 

Therefore P (A, B, C, D). 


THEOREM F. 4. Proof of F from F’, G, 10, 14. 


To prove: If a, B, Cc, D are distinct, then P (4, B, C, D). 

By F’, xyzw. By G, yzwx . zwxy . WXxYz. 

Case 1. Let A, B, C, D be distinct from x, yY, z, Ww. 

Suppose P (A, Y, Z, W) = 0. 

By 10, Yzwx.aA.9.YaAwxvyzwa. But yzwa is false. Hence yawx; 
whence by G, wxyYA and Awxy. 

By 14, WxYA. WXYZ .5 . WXAZ ¥ WXZA. 

If wxaz, then by G, zwxa, whence by 14, 
ZWXA.ZWXY.2.ZWAYv zwya, both of which are false. 

If wxza, then by G, awxz, whence by 14, 

AWXZ .AWXY.2.AWzY v AWyzZ, both of which are false. 
Hence the supposition is false; that is P (A, Y, Z, W) is true. 
From this point, the proof duplicates the proof of Theorem F. 2. 
Therefore P (A, B, C, D). 


THEOREM F. 5. Proof of F from F’, G, 10, 15. 


To prove: If a, B, C, D are distinct, then P (A, B, C, D). 

By F’, xyzw. By G, zwxy. 

Case 1. Let A, B, C, D be distinct from x, yY, z, W. 

Suppose P (A, Y, Z, W) = 0. 

By 10, zwxy.A.2D. ZAXY ¥ ZWXA. 

If zaxy, then by G, axyz, whence by 10, awyzv axyw. But awyz is 
false, and if axyw, then by 15, AXYW. AXYZ.3. AYWz¥ AYzZw, 
both of which are false. 

If zwxa, then by G, wxaz, whence by 10, wyaz ¥ wxay. But wyaz is 
false, and if wxay, then by 15, wxay. Wwxaz.3. WaAyzv Wazy, 
both of which are false. 
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Hence the supposition is false; that is, P (A, Y, Z, W) is true. 
From this point, the proof duplicates the proof of Theorem F. 2. 
Therefore P (A, B, C, D). 


THEOREM F. 6. Proof of F from F’, G, 10, 16. 


To prove: If a, B, Cc, D are distinct, then P (A, B, C, D). 

By F’, xyzw. By G, yzwx and wxyz. 

Case 1. Let a, B, C, D be distinct from x, yY, z, w. 

Suppose P (A, Y, Z, W) = 0. 

By 10, Yzwx.a.3.yYawxvyzwa. But yzwais false. Hence yawx; 
whence, by G, wxya and xYAw. 

By 16, wxya.Wwxyz.3.xyazv xyza. But if xyza, then by 16 
XYZA.XYZW.2.yYZAWv yzwa, both of which are false. Hence 
XYAZ. 

By 16, XYAW.XYAZ.2.YAwzv YAzw, both of which are false. 

Hence the supposition is false; that is, P (A, Y, Z, W) is true. 

From this point the proof duplicates the proof of Theorem F. 2. 

Therefore P (A, B, C, D). 


THEOREM F.7. Proof of F from F’, G, 10, 11, 17. 


Proof: By Theorem 14. 15, Postulates G, 11, 17 give 14; and by 
Theorem F. 4, Postulates F’, G, 10, 14 give F. 


THEOREM F. 8. Proof of F from F’, G, 10, 11, 19. 


Proof: By Theorem 16. 15, Postulates G, 11, 19 give 16; and by 
Theorem F. 6, Postulates F’, G, 10, 16 give F. 


OnE PROOF OF POSTULATE R. 
THreoreM R. 1. Proof of R from G, H, 10, R’. 


‘To prove: ABCD .> . DcBA; that is, that every true tetrad is reversible. 

If Postulate F’ is false, then there is no true tetrad in the system, and 
Postulate R is satisfied. 

If Postulate F’ is true, then by Postulate R’, we know that there is at 
least one true tetrad which is reversible, or that we have, say, XYZW 
and wzyXx. 

Combining xyzw with the element A, as in the proof of Theorem F, 
we know that at least one of the four cases, a, b, c, d (mentioned 
in that proof) is true. Using G, and re-arranging the terms, we 
may rewrite these four cases as follows: 
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(a’) 
(b’) 
(c’) 


YZXA . 
ZXYA. 
XYZA. 
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YWXA 


WXYA. 
WXYA. 
XYWA. 


- ZWXA. 
ZWXA. 
WXZA . 


XZWA 


SEPARATION 


OF POINT-PAIRS 


YZWA; by G, AYWX . XAYW. 


ZzWYA; by G, AZXY . YAZX. 


wyzaA; by G, AWYZ. ZAWY. 











(d’) 

By combining wzyx with the element a in a similar way (simply re- 
placing x by w, and y by Z, and z by y, and w by x, in cases ¢, b, 
a, d, in that order) we see that at least one of the following four 
cases is true: 


XYZA. .Y¥ZWA; by G, AXZW . WAXZ. 


(a’’) AXZY . AXWY . AXWZ. AWZzY; by G, YAXz. 
(b’’) ayxz. AYXW. AXWZ. AYWZ; by G, zayw. 
(c’’) AZYX . AYXW. AZXW. AzYW; by G, Wazx. 
(d’’) azYX . AWYX . AWZX . AWzY; by G, Xawy. 


But by H, a’ conflicts with 6” and c” (since Aaywx . vs. AYXW), and 


also with d’’ (since XAYW. vs. XAWY). Hence a’. D. a”. 

By H, 0’ conflicts with c’”’ and d” (since azxy . vs . AzYx), and also 
with a” (since yAzX . vs. YAXZ). Hence b’. 3.6”. 

By H, c’ conflicts with a’ and d” (since awyz . vs . AWzy), and also 


with b” (since zawy. vs. ZAYW). Hence c’.D.c”. 
By H, d’ conflicts with a” and b” (since axzw. vs . AXWw2z), 
with c”’ (since WAXZ. vs. WAZX). Hence d’.3.d”. 
Therefore at least one of the following four cases is true: 


and also 


(1) AXzZY . YZXA.AXWY.YWXA.AXWZ.ZWXA. AWZY. YZWA. 
(Il) ayxz.ZXYA.AYXW. WXYA. AXWZ.ZWXA. AYWZ. ZWYA. 
(III) azyx .XYZA. AYXW. WXYA. AZXW .. WXZA. AZYW. WYZA. 
(IV) azyx .XYZA.AWYX.XYWA. AWZX.XZWA. AWZY. YZWA. 


ZXYA > : AZYX. XYZA. 
» WXYA -Y >: AWYX . XYWA. 
WXZA :4%~ : AWZX . XZWA. 


Hence AXZY . YZXA :¥ : AYXZ. 

Also AXWY . YWXA :¥ : AYXW 

Also AXWZ.ZWXA :¥ : AZXW. 

Also AWZY . YZWA :¥ : AYWZ.ZWYA :¥ : AZYW. WYZA. 

Introducing the notation Q (A, B, C, D) to mean “at least one tetrad 
formed from the letters A, B, C, D, is true and reversible,’ these re- 
sults may be written: 


XYZW . WZYX.A:— :Q (A, Y, Z, W) . Q (X, A, Z, W). Q (X, Y, A, W). 
2:08, T&A. 
The conclusion of this proposition is clearly not affected by changing 
the order of the letters x, y, z, w. Hence we have the general 
formula: 
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o (x, 7, 8, W). a: :e ta, ¥, 8 Ww). 2, 2, 8, Ww). @ Gx, ¥, a, W). 
o (x, ¥, & A). 


By successive applications of this general formula we have: 


XYZW . WZYX .a:2 :@ (4, Y, Z, W); 

then Q (A, Y, Z, W). 2. Q (A, B, Z, W); 

then Q (A, B, Z, W). D. Q (A, B, C, W); 
then Q (A, B, C, W). 2. Q (A, B, C, D). 

That is, XYZW . WZYX.A:2:Q (A, B,C, D). 


This result tells not only that at least one tetrad formed from the 
letters A, B, C, D, is true (which we knew already from the hypothesis 
of the theorem), but also that at least one such true tetrad is re- 
versible. 

Now the twenty-four tetrads which can be formed from the letters 
A, B, C, D may be arranged in six groups, as follows: 


(1) ABCD, BCDA, CDAB, DABC; (4) CBAD, BADC, ADCB, DCBA; 
(2) ABDC, BDCA, DCAB, CABD; (5) DBAC, BACD, ACDB, CDBA; 
(3) ACBD, CBDA, BDAC, DACB; (6) BCAD, CADB, ADBC, DBCA. 


By G, all tetrads in group (1) are true (since ABCD is true); and by G 
and H, all in groups (2) and (3) are false. Suppose group (4) is 
false; then the only tetrads which can be true will be found in group 
(1), (5), or (6). Since at least one of these is reversible, at least 
one tetrad in groups (4), (2), or (3) must be true, contrary to the 
supposition. Hence group (4) must be true. 

Therefore DCBA. 

Corollary. In any system which satisfies G, H, and 10, either every 
true tetrad is reversible or else no true tetrad is reversible. 

For, in such a system, if R’ is true then R is true (by Theorem R. 1); 
that is, every true tetrad is reversible; and if R’ is false, then no 
true tetrad is reversible. 


E1cut Proors oF PostTuLatTeE 10. 
THEOREM 10. 1. Proof of 10 from R, F, G, 12. 


To prove: ABCD. X.2. AXCD ¥ ABCX. 

By F, at least one of the twenty-four permutations of the elements 
A, X, C, D will form a true tetrad. 

These twenty-four permutations may be arranged in three lines, as 
follows: 
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AXCD, XCDA, CDAX, DAXC; CXAD, XADC, ADCX, DCXA. 
AXDC, XDCA, DCAX, CAXD; DXAC, XACD, ACDX, CDXA. 
ACXD, CXDA, XDAC, DACX; XCAD, CADX, ADXC, DXCA. 


By R, G, if any tetrad in the first line is true, then axcp. 

By R, G, if any tetrad in the second line is true, then axpc. 
By R, G, if any tetrad in the third line is true, then acxp. 
Hence, by F, R, G, we have aAxcD v AXDC ¥ ACXD. 

Suppose axcD = 0. Then axpcv acxp. By G, DCAX y DACX. 


Case 1. Suppose pcax. By R, asco. 5. DCBA. 
By 12, pcBA.pcax.3.cBax. By R, G, ABcx. 


Case 2. Suppose pacx. By G, ascp.. DABC. 
By 12, DABC . DACX . . ABCX. 
Therefore AXCD v ABCX. 


THEOREM 10. 2. Proof of 10 from R, F, G, 13. 


To prove: ABCD. X.2. AXCD¥ ABCX. 

By F, R, G (as in the preceding theorem), AXCD v AXDC v ACXD. 
By G, aBcp. D.cpaB. By R, G, aBcpD. 2. apce. 

Suppose axcp = 0. Then axpcv acxp. By R, G, cDxa v aDxc. 


Case 1. If coxa, byl13, cbDxa.cDAB.2.cxaB. By G, ABCx. 


Case 2. If apxc, by 13, apxc. apcB. D.axcs. By R, G, aBex. 
Therefore AXCD v ABCX. 


THEOREM 10. 3. Proof of 10 from R, F, G, 11, 14. 


Proof: Postulate 15 follows from R, G, 11, 14, by Theorem 15. 25, 
(below); then 10 follows from R, F, G, 11, 15, by Theorem 10. 4 
(below). 


THEOREM 10. 4. Proof of 10 from R, F, G, 11, 15. 


To prove: ABCD. xX. 2. AXCD¥ ABCX. 

By R, G, asco .D. ances. By R, G, apc. 2. Bape. 

By R, apcp.3.pcpa. By G, apcd. 2. DABC. 

By G, apcp.D.cpaB. By G, aBcp. 2. BcDA. 

By F, R, G (as in Theorem 10. 1), AaxcD ¥ AXDC ¥ ACXD. 
Suppose axcb = 0. Then axpcv acxp. By G, DcAXx v DaAcx. 


Case 1. Suppose pcax. By 11, pcBA.DCAX .> . DCBX. 
By 15, pcBx . pbcBA.D. DBXA¥ DBAX. By G, ADBX ¥ BAND. 
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If appx, by 11, apcB. ADBx .D . apcx; by R, G, axcpn. 
If Baxp, by 11, BAxD. BADC.D. Baxc; by R, G, aBex. 
Hence in Case 1, AXCD v ABCX. 


Case 2. Suppose pacx. By 11, DaBc. Dacx .5. DABX. 

By 15, DABX . DABC.D . DBxcv DBCcx. By G, cDBx v BCXD. 
If cpBx, by 11, cDAB . CDBxX .D . cDAXx; by G, axcn. 

If pcxp, by 11, BcxD. BcDA. 2. Bcxa; by G, ABcx. 

Hence in Case 2, AXCD v ABCX. 

Therefore AXCD v ABCX. 


THEOREM 10. 5. Proof of 10 from R, F, G, 11, 16. 


This theorem follows from Theorem 14. 20 (below) by aid of Theorem 
10. 3. 


THEOREM 10. 6. Proof of 10 from R, F, G, 11, 17. 


This theorem follows from Theorem 15. 27 (below), by aid of Theorem 
10. 4. 


THEOREM 10. 7. Proof of 10 from R, F, G, 11, 18. 


To prove: ABCD. X.2. AXCD ¥ ABCX. 

By R, apcb.2.pcsa. By G, aBcD.5. DABC. 

By F, R, G (as in Theorem 10. 1), axcp v axpc v ACxD. 
Suppose axcp = 0. Then axpcv acxp. By G, pcax v DAcx. 
Case 1. If pcax, by 11, DcBA. DCAX.) . DCBX. 

By 18, pcBxX . DCBA.2.DCXAY CBAX. By R, G, axcp v ABcx. 


Case 2. If pacx, by 11, DABC . DACX .D. DABX. 
By 18, DABX’. DABC. 9. DAxCv aBCX. By G, AXcD vy ABCX. 
Therefore AXCD v ABCX. 


THEOREM 10. 8. Proof of 10 from R, F, G, 11, 19. 


This follows from Theorem 15. 28 (below), by aid of Theorem 10. 4. 


Srx Proors oF PostuLateE 11. 
THEOREM 11.1. Proof of 11 from G, H, 10. 


To prove: ABXC . ABCY .2. ABXY. 
By 10, ancy.x.9.axcyyv aBcx. But aspcx. vs. aBxc, by H. 
Hence axcy, whence, by G, xcya. 
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By 10, aBxcC.Y.5. AYXC v ABXY. 
But if ayxc, then by G, xcay, and xcay . vs. xcya, by H. 
Therefore ABXY. 


THEOREM 11. 2. Proof of 11 from G, 12. 


To prove: ABXC . ABCY . . ABXY. 

By 12, aBxc. ABCY .D . Bxcy, whence by G, cyBx. 
By G, aBcy .D . CYAB. 

By 12, cyaB.cyBx.2.yYABX. Hence by G, aBxy. 


THEOREM 11. 3. Proof of 11 from G, 13. 


To prove: ABXC . ABCY . . ABXY. 

By 13, aBxc . ABCY .D . axcy, whence by G, xcya. 
By G, ABXxcC .D . XCAB. 

By 13, xcya.xcaB.2.xyaB. Hence by G, AaBxy. 


THEOREM 11. 4. Proof of 11 from R, 12, 13 


To prove: ABXC . ABCY .. ABXY. 

By 12, aBxc . ABCY .D . Bxcy, whence by R, Ycxs. 
By R, aBcy .D. YCBA. 

By 13, ycxB . YCBA. 2. YxBa, whence by R, AaBxy. 


THEOREM 11. 5. Proof of 11 from R, H, 10. 


To prove: ABXC . ABCY .2 . ABXY. 
Suppose aBxy = 0. Then by R, yxBa = o. 


By 10, aBxc.Y.9.ayxcv aBxy. But apxy = 0. Hence ayxc. 


By R, aBxc .5.cxsa and by R, ascy. 5. ycBa. 

By 10, aBcy.x.9.axcy» asBcx. But aBcx. vs. aBxc by H. 
Hence axcy. By R, ycxa. 

By 10, cxBa. Y. 5 . cCYBA ¥ CxBY, whence by R, aByc v yBxc. 
But aByc. vs. aBcy by H. Hence yBxc. 

By 10, ycpa.X.9.yYxBav ycsBx. By R, aBxy v xBcy. 

But aBxy = 0. Hence xBcy. 

By 10, xpcy.a.9.xacy» xspca. By R, Ycax v acpx. 

But ycax .vs.ycxa by H. Hence acsx. 

By 10, acBx.Y.9.ayBx~v acBy. By R, xByav YBca. 


de 


Suppose xByA. Then by 10, xBpya.c.2. xcya ¥ xByc, whence by 


R, aycx v XBYC. 
But aycx . vs. ayxc by H, and xByc. vs. xscy by H. 
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Therefore YBCA. 

By 10, ysca.X.9.yxcavyscx. But yBcx. vs. yYBxc by H. 
Hence yxca. By R, acxy. . 
By 10, acxy.B.9.ABXYY ACXB. But acxB. vs. acBx by H. 


Therefore ABXY. 


THEOREM 11.6. Proof of 11 from R, 10, 12, 17. 


To prove: ABXC . ABCY .. ABXY. 

Suppose aBxy = o. By R, yxBa = o. 

By 10, aBxc.Y.9.ayxcv aBxy. Hence ayxc. By R, cxya. 
By R, aBxc.3.cxsa. By R, aBcy.. YCBA. 

By 10, ycBa.X.23.yYxBav ycBx. Hence ycsx. By R, xBcy. 
By 12, aBxc. aBcy.2.Bxcy. By R, ycxs. 


Case 1. Suppose yBAx = 0. By R, xaBy = o. 

By 17, ycBx . YCBA.5D.ycxav YBAX. Hence ycxa. By R, axcy. 

By 17, YcXA. YCXB.5D.YCABY YXBA. Hence ycaB. By R, Bacy. 

By 12, ycxa . YCAB. . CXAB. 

By 12, YCAB .. YCBX .D . CABX. 

Now caxy = 0 (for if not, by 12, caBx.caxy.5. aBxy). By R, 
YXAC = O. 

Also, cxBy = 0 (for if not, by 12, cxaB. cxBy.D. xaBy). By R, 
YBXC = O. 

Then ayBx = 0 (for if not, by 12, ayBx. ayxc .2 . yBxc). By R, 
XBYA = 0. 

By 10, cxBA.Y.9.cYBAY“ cxBYy. Hence CYBA. 

Now cyax = o (for if not, by 12, cyBA.cyAx .3 . YBAX). By R, 
XAYC = O. 

Also yBac = 0 (for if not, by 10, yBac. x .5 . YxAC ¥ YBAX, while 
YXAC = O and YBAX = 0). 

Also xpyc = oO (for if not, by 10, xpyc.a.3 . xaycyv xByA, while 
XAYC = O and XBYA = 0). 

By 10, caBX.Y.9.cyBx» caBy. By R, xByc v YBAC. 

But xByc = 0 and yBac = o. Hence the supposition in case | is 
impossible. 

Therefore yBAx. By R, XABY. 


Case 2. Suppose ycax = 0. From Case 1, YBAX. 
By 17, ycBA. YCBX.D.yYCAX¥ YBXA. Hence YBXA. 
By 10, yBaAaxX.c.3.ycax» yBac. Hence YBAC. 

By 12, YBXA. YBAC.D. BXAC. 

















~] 
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By 12, Bxac. Bxcy.9.xacy. By R, ycax. But ycax = o. 
Hence the supposition in case 2 is impossible. 

Therefore ycax. By R, xacy. 

By 12, ycax .ycxB.5.caxsB. By R, BXac. 

By 12, ycBA . YCAX . . CBAX. 


Case 3. Suppose caBx. From Case 1, yBAx. From Case 2, YCAX. 

Now caxy = 0 (for if not, by 12, cABx . CAXY .D. ABXY). 

By 10, cAXB.Y.9.cyxBycaxy. Hence cyxs. By R, Bxyc. 

Now cyBa = Oo (for if not, by 12, cyxB.cyBA. 2 .yxBa). By R, 
ABYC = O. 

Then xayc = o (for if not, by 12, xaBy.xayc .5. aByc). By R, 
CYAX = O. 

Then Bxay = 0 (for if not, by 12, Bxay.Bxyc .5D.xayc). By R, 
YAXB = 0. 

By 10, cBAX.Y.9.cyaxvcBay. Hence cCBAY. 

Now cBxa = 0 (for if not, by 12, cBxa . CBAY .D. BXAY). 

Then ycxa = o (for if not, by 12, ycBx . ycxa . . CBXA). 

By 10, ycxB.aA.9.YAXBY ycxa. But yYAxB = 0 and YcXA = oO. 

Therefore cAaBX = 0. By R, xBac = oO. ° 

Now ycaB = 0 (for if not, by 12, ycaB. ycBx.5.caBx). By R, 
BACY = 0. 

By 10, ycxB.A.9. YAXBY YCXA. 

But if ycxa, then by 17, ycxa. YCXB.5D. YCABY¥ YXBA, where YCAB 
= o and YxBA = Oo. Hence yaxsB. By R, Bxay. 


Case 4. Suppose cyxs. By R, Bxyc. 

Now cyBa = 0 (for if not, by 12, cyxB.cyBaA .D.yxBa). By R, 
ABYC = O. 

By 12, Bxay. Bxyc.9.xayc. From Case 1, XaBy. 

By 12, xaBy. xayc.3.aByc. But aByc = o. 

Hence the supposition in Case 4 is impossible. 

Therefore cyxB = 0. By R, Bxyc = o. 

By 17, Bxay . BxAC.D.Bxyc~ BACY. Hence Bacy. But Bacy = 0. 

Hence the supposition that ABXY = 0 is impossible. 

Therefore ABXxyY. 


THIRTEEN PROOFS OF THE POSTULATE 12. 
THEOREM 12.1. Proof of 12 from G, H, 10. 


To prove: ABXC . ABCY .9 . BXCY. 
By G, ABXC .2. BXCa. 
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By 10, Bxca.yY.93.Byca» Bxcy. But if Byca, then by G, asyc, 
which conflicts with aBcy, by H. 
Therefore Bxcy. 


THEOREM 12. 2. Proof of 12 from G, 13. 

To prove: ABXC . ABCY . . BXCY. 

By 13, aBxc . ABCY .D . axcy, whence by G, xcya. 
By G, aBxc.53.xcaB. By G, xcya.5. YAXC. 

By 13, xcya. XCAB.2 . XyYAB, whence by G, YABX. 
By 13, YABX . YAXC .D.. YBxc, whence by G, Bxcy. 


THEOREM 12. 3. Proof of 12 from G, H, 11, 15. 

To prove: ABXC . ABCY .2 . BXCY. 

By 11, aBxc . aBcy .D. aBxy, whence by G, YABX. 

By G, apcy.3.yasc. By G, ascy.5. BCYA. 

By 15, YABX . YABC ..D . YBXC v YBCX, whence by G, BXCy v BCXY. 

But if pcxy, then by 11, Bcxy . BCya.>. BCxa, whence by G, AaBcx, 
which conflicts with aBxc, by H. 

Therefore Bxcy. 

THEOREM 12. 4. Proof of 12 from G, H, 11, 17. 

To prove: ABXC . ABCY .D. BXCY. 

By 11, aBxc . aBCY .D . aBxy, whence by G, YABX. 

By 17, aBXy . ABxC.9.aBycyv axcy. But aByc. vs. ascy, by H. 

Therefore axcy, whence by G, yaxc. By G. aBcy .2. YABC. 

By 17, YABC . YABX.9. yacxv yBxc. But yacx. vs. YAxc, by H. 

Therefore yBxc, whence by G, Bxcy. 


THEOREM 12.5. Proof of 12 from H, 11, 18. 
To prove: ABXC . ABCY .D. BXCY. 

By 11, aBxc . ABCY .D. ABXY. 

By 18, ABXY . ABXC .D.. ABYC ¥ BXCY. 

But aBpyc.vs.apscy, by H. Therefore pxcy. 


THEOREM 12.6. Proof of 12 from G, H, 11, 19. 

To prove: ABXC . ABCY .D . BXCY. 

By 11, apxc. ascy .D. aBxy, whence by G, YAaBx. 

By G, aABCY .2. YABC. 

By 19, yABX . YABC. 2D. yYBxC¥ aABCX. But aBCX. vs. ABXC, by H. 
Therefore ypxc, whence by G, Bxcy. 
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THEOREM 12.7. Proof of 12 from H, 10, 11, 19. 


To prove: ABXC . ABCY . . BXCY. 

By 10, aBcy .x.9. AXCY ¥ ABCX. 

But aBcx . vs. ABxC, by H. Therefore axcy. 
By 11, aBxc . ABCY .D. ABXY. 

By 19, ABXY . ABXC . 9. AXYC v BXCY. 

But axyc.vs.axcy. Therefore Bxcy. 


THEOREM 12. 8. Proof of 12 from H, 11, 13, 19. 
To prove: ABXC . ABCY . . BXCY. 

By 11, aBxc. ABCY .. ABXY. 

By 13, AaBXC . ABCY . . AXCY. 

By 19, AaBXY . ABXC .D . AXYC v BXCY. 

But axyc.vs.axcy, by H. Therefore Bxcy. 


THEOREM 12.9. Proof of 12 from H, 11, 17, 19. 


To prove: ABXC . ABCY . . BXCY. 

By 11, ABXC .. ABCY .. ABXY. 

By 17, ABXY . ABXC .D . ABYC ¥ AXCY. 

But aByc. vs. aBcy, by H. Therefore axcy. 
By 19, AaBXY . ABXC.D. AXYC ¥ BXCY. 

But axyc.vs.axcy, by H. Therefore Bxcy. 


THEOREM 12. 10. Proof of 12 from R, G, H, 11, 14. 


To prove: ABXC . ABCY .D . BXCY. 

By 11, aBxc.. aBcy .D. aBxy, whence by R, G, xBay. 

By R, G, aBxc .5. xBac. 

By 14, xBac . XBAY .D . XBCY ¥ xBYC, whence by R, G, Bcyx v Bxcy. 
Suppose Bcyx. By G, ascy.Bcya. By G, aBxc.5. XCAB. 

By 14, Bcya. BCYX .D . BCAX ¥ BCXA, whence by R, G, XBca » XCBA. 
But xpca. vs. XBAC, by H; and xcsBa. vs. XcaB, by H. 

Hence Bcyx is false. Therefore Bxcy. 


THEOREM 12.11. Proof of 12 from R, G, H, 11, 16. 


To prove: ABXC . ABCY . . BXCY. 

By 11, anxc. aBcy.3.aBxy. By G, aBxc.5. BxCa. 

By 16, ABXY . ABXC .D. BXYC ¥ BXCY. 

Suppose Bxyc. Then by G, ycsx. By R, ascy.2. YcBa. 

By 16, ycBA . YCBX .D. CBAX ¥ CBXA, whence by R, G, aBcx v Bxac. 
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But aBcx . vs . ABxc, by H; and Bxac. vs. Bxca, by H. 
Hence Bxyc is false. Therefore Bxcy. 


THEOREM 12.12. Proof of 12 from R, H, 10, 18. 
Postulate 11 follows from R, H, 10, by Theorem 11. 5. 


Postulate 12 follows from H, 11, 18, by Theorem 12. 5. 
Therefore 12 follows from R, H, 10, 18. 


THEOREM 12. 13. Proof of 12 from R, H, 10, 19. 


Postulate 11 follows from R, H, 10 by Theorem 11. 5. 
Postulate 12 follows from H, 10, 11, 19, by Theorem 12. 7. 
Therefore 12 follows from R, H, 10, 19. 


THIRTEEN PROOFS OF POSTULATE 13. 
THEOREM 13.1. Proof of 13 from H, 10. 
To prove: ABXC . ABCY .D. AXCY. 
By 10, aBcy.x.53.axcy» asBcx. But aBcx. vs. ABxc, by H. 
Therefore axcy. 


THEOREM 13. 2. Proof of 13 from G, 12. 

To prove: ABXC . ABCY .9. AXCY. 

By 12, aBxc . ABCY .D . Bxcy, whence by G, CYBX. 
By G, ABCY . > . CYAB. 

By 12, cyaAB. CYBX .D . YABX, whence by G, BXyYa. 
By 12, Bxcy . Bxya.2. xcya, whence by G, axcy. 


THEOREM 13. 3. Proof of 13 from G, H, 11, 15. 

To prove: ABXC . ABCY .. AXcy. 

By 11, aBxc . ABCY.D. ABXY. 

By G, aBxc .D . CABX. 

By 15, ABXY . ABXC .D.. AXYC ¥ Axcy, whence by G, CAXyY v AXCY. 

But if caxy, then by 11, caBx . CcAxY .5.. CABY, whence by G, ABYC, 
which conflicts with aBcy, by H. 

Therefore axcy. 


THEOREM 13. 4. Proof of 13 from H, 11, 17. 


To prove: ABXC . ABCY .D. AXCyY. 
By 11, aBxc . ABCY .D. ABXY. 
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By 17, ABXY . ABXC ..D . ABYC ¥ AXCY. 
But ABYC. vs. ABCY, by H. 
Therefore axcy. 


THEOREM 13. 5. Proof of 13 from G, H, 11, 18. 


To prove: ABXC . ABCY .. AXCY. 

By 11, aBxc . ABCY .D . aBxy, whence by G, YABx. 

By G, aBcYy .D. YABC. 

By 18, YABX . YABC’.D. YAXCY ABCX. But aBcx. vs. ABxc, by H. 
Therefore yaxc, whence by G, axcy. 


THEOREM 13. 6. Proof of 13 from G, H, 11, 19. 

To prove: ABXC . ABCY .D. AXCY. 

By 11, aBxc .. AaBCY .D . ABXxy, whence by G, YABX. 

By G, aBCcY .D. YABC. 

By 19, YABX . YABC. 9D. YBxc¥ ABCX. But aABCX. vs. ABxc, by H. 
Therefore yBxc, whence by G, Bxcy. 

By 19, aBXc .. ABXY.9.axcy» Bxyc. But Bxyc. vs. Bxcy, by H. 
Therefore Axcy. 


THEOREM 13. 7. Proof of 13 from H, 11, 12, 19. 
To prove: ABXC . ABCY . . AXCY. 

By 12, aBxc . ABCY . . BXCY. 

By 11, aBxc . ABCY .D. ABXY. 

By 19, aBxc . ABXY .D. AXCY v BXYC. 

But Bxyc. vs. Bxcy, by H. 

Therefore axcy. 


THEOREM 13.8. Proof of 13 from H, 11, 18, 19. 
To prove: ABXC . ABCY . . AXCY. 

By 11, aBxc . ABCY .D. ABXY. 

By 18, AaBXY . ABXC .D . ABYC v BXCY. 

But aByc. vs. aBcy, by H. Therefore Bxcy. 
By 19, ABXC . ABXY .D . AXCY v BXYC. 

But Bxyc. vs . Bxcy, by H. 

Therefore axcy. 


THEOREM 13.9. Proof of 13 from R, G, H, 11, 14. 

Postulate 12 follows from R, G, H, 11, 14, by Theorem 12. 10. 
Postulate 13 follows from G, 12, by Theorem 13. 2. 

Therefore 13 follows from R, H, G, 11, 14. 
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THEOREM 13.10. Proof of 13 from R, G, H, 11, 16. 


Postulate 12 follows from R, G, H, 11, 16, by Theorem 12. 11. 
Postulate 13 follows from G, 12, by Theorem 13. 2. 
Therefore 13 follows from R, G, H, 11, 16. 


THEOREM 13.11. Proof of 13 from R, H, 11, 18. 


To prove: ABXC . ABCY .. AXCY. 

By 11, aBxc . ABCY .2. ABXY. 

By 18, aBXy . ABXC.D.aBycy Bxcy. But aByc. vs. aBcy, by H. 
Therefore Bxcy, whence by R, ycxs. By R, aBcy. 5. YcBA. 

By 11, ycxB . ycBA.5 .ycxa, whence by R, axcy. 


THEOREM 13. 12. Proof of 13 from R, 11, 12. 


To prove: ABXC . ABCY . . AXCY. 

By 12, aBxc . ABCY .D . Bxcy, whence by R, ycxs. 
By R, aBcy .2. YCBA. 

By 11, ycxB . YCBA. 2. ycxa, whence by R, axcy. 


THEOREM 13. 13. Proof of 13 from R, 10, 12, 17. 


Postulate 11 follows from R, 10, 12, 17, by Theorem 11. 6. 
Postulate 13 follows from R, 11, 12, by Theorem 13. 12. 
Therefore 13 follows from R, 10, 12, 17. 


Tuirty-['wo Proors or PostuLaTeE 14. 
THEOREM 14. 1. Proof of 14 from G, H, 10. 


To prove: ABCX . ABCY. . ABXY ¥ ABYX. 
Suppose ABXY = O and aBYyx = Oo. By G, Bxya = 0 and BYXA = oO. 
By G, apcx.3.Bcxa. By G, aBcy .5. BCYA. 

By 10, BcxA.Y.2.Byxawv BCxy. Therefore BCXY. 
By 10, Bcya.x.3.Bxyawv Bcyx. Therefore Bcyx. 
But Bcxy . vs. Bcyx, by H. Therefore aBxy v aByx. 


THEOREM 14. 2. Proof of 14 from G, 12, 10. 


To prove: ABCX . ABCY .2 . ABXY ¥ ABYX. 

Suppose AaBxy is false, whence by G, Bxya is false. 
By G, apcy.3.Bcya. By G, aBcx .3. BCXA. 
By 10, Bcya.xX.3.Bxya~ Bcyx. But Bxya = 0. Therefore Bcyx. 
By 12, Bcyx .. Bcxa.9.cyxa. By G, aBcy .5. CYAB. 
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By 12, cyxa.cYaB. 2. YXaB, whence by G, ABYx. 
Therefore ABXY v ABYX. 


THEOREM 14. 3. Proof of 14 from G, 12, 15. 


To prove: ABCX . ABCY.D . ABXY ¥ ABYX. 

By G, aBcx .D.cxaB. By G, aBcy .5. CYAB. 

By 15, aBcx . ABCY .D . ACxy v acyx, whence by G, CXYA ¥ CYXA. 
If cxya, then by 12, cxya.cxaB.5.xyaB, whence by G, ABxyY. 
If cyxa, then by 12, cyxa. cyaB. 3. yYxaB, whence by G, ABYXx. 
Therefore ABXY v ABYX. 


THEOREM 14. 4. Proof of 14 from G, 12, 16. 


To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 
By G, aBcy.>.Bcya. By G, aBcx.5. BCXA. 
By 16, ABCX . ABCY .D . BCXY v BCYX. 


Case 1. If Bcxy, then by 12, Bcxy . BCYA.5. CXYA. 
By G, aBcx .D . CXAB. 
By 12, cXYa .CXAB.2. XYAB, whence by G, ABXY. 


Case 2. If Bcyx, then by 12, Bcyx . BCXA.3. CYXA. 
By G, ABCY .D . CYAB. 

By 12, cyxa.cYaB.2.YXAB, whence G, ABYX. 
Therefore ABXY v ABYX. 


THEOREM 14. 5. Proof of 14 from G, 12, 17. 


To prove: ABCX . ABCY.D . ABXY ¥ ABYX. 

Suppose ABYX is false. 

By 17, aBcy . ABCX.9. ABYxXv aAcxy. Therefore ACXyY. 
By G, acxy.3.cxya. By G, aBcx .5. CXAB. 

By 12, cxya . CXAB.2. XYAB, whence by G, ABxy. 
Therefore ABXY v ABYX. 


THEOREM 14. 6. Proof of 14 from G, 12, 18. 


To prove: ABCX . ABCY . . ABXY ¥ ABYX. 

Suppose ABxy is false. 

By 18, aBcx . AaBCY.D. ABXy» BCcYX. Therefore BCYX. 
By 12, Bcyx .. BCXA.9.cyxa. By G, aBcy.5. CYAB. 
By 12, cyxa.CYAB.2. YXAB, whence by G, ABYx. 
Therefore ABXY v ABYX. 
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THEOREM 14. 7. Proof of 14 from G, 12, 19. 

To prove: ABCX . ABCY .D. ABXY v ABYX. 

By G, aBcx .3.Bexa. By G, aBcy.3. CYAB. 

By 19, aBCX . ABCY .D . ACXY v BCYX. 

Case 1. If acxy, then by G, cxya. By G, aBcx .5. CXAB. 
By 12, cxya .CXAB.2. XYAB, whence by G, ABxy. 

Case 2. If Bcyx, then by 12, Bcyx . BCXA.D. CYXA. 

By 12, cyxa.CYAB.2. YXAB, whence by G, aByx. 
Therefore ABXY v ABYX. 


THEOREM 14. 8. Proof of 14 from G, 13, 10. 


THEOREM 14. 9. Proof of 14 from G, 13, 15. 


ee 
oe 


THEOREM 14. 10. Proof of 14 from G, 13, 16. 


oe 


THEOREM 14. 11. Proof of 14 from G, 13, 17. 


THEOREM 14. 12. Proof of 14 from G, 13, 18. 


THEOREM 14. 13. Proof of 14 from G, 13, 19. 

The six Theorems, 14. 8 to 14. 13, follow from Theorems 14. 2 to 14. 7, 
by the aid of Theorem 12. 2 (which says that Postulate 12 is a 
consequence of Postulates G and 13). 


THEOREM 14. 14. Proof of 14 from G, 11, 15. 


To prove: ABCX . ABCY .D. ABXY ¥ ABYX. 

By G, apcy.D.yase. By G, aBcx .D. XABC. 

By 15, apcx . abcy.3.acxy~v acyx. By G, yacx v xacy. 
If yacx, then by 11, yaBc . yacxX .D. YABX; by G, ABXyY. 
If xacy, then by 11, xaBc. xacy.3. XaBy; by G, AByxX. 
Therefore, AaBXY ¥ ABYX. 


THEOREM 14. 15. Proof of 14 from G, 11, 17. 


To prove: ABCX . ABCY .D. ABXY ¥ ABYX. 

Suppose AaBxy is false. 

By 17, apcx. aBcy.D. aBxyy acyx. Therefore acyx. 
By G, acyx.2.xacy. By G, aBcx.D. XaBe. 
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By 11, xaBc. xacy.9. xaBy; by G, AaByx. 
Therefore ABXY ¥ ABYX. 


THEOREM 14. 16. Proof of 14 from G, H, 16. 


To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 

Suppose ABXY = 0 and aByx = Oo. Then by G, xyaB = O and XABy = O. 
By G, aBcx.5.Bexa. By G, aBcy .5. CYAB. 

By G, aBpcy.2.Bcya. By G, aBcx .5. CXAB. 

By 16, aBCX . ABCY .D . BCXY v BCYX. 


Case 1. Suppose Bcxy. By G, Boxy .5. xyBc. 

By 16, Bcxy . BCxA.9D.cxyavcxay. By G, Bcxy .5. CXyB. 

But if cxya, then by 16, cxyaA.cxXYB.3.xXYABY XYBA, whence 
XYBA (since xYAB= 0). Then by 16, xyBa.xyBc.3.YBACY 
YBCA, whence by G, cyBA¥ BcAY, which conflicts with cyaB and 
BCYA by H. 

Therefore cxay. By 16, cxay.CXaB.3.XAYBY XABY, whence 
XAYB (since XABY = 0). By G, cxay.5. xayc. 

By 16, XAYB. XAYC.9. AYBC ¥ AYCB, whence by G, BCAY ¥ AYCB. 

But Bcay . vs. BcyA, by H. Therefore aycs. By G, cxay .5. AYCx. 

By 16, AaycB. AYCX.9.yYCBxX¥ ycxB. By G, xyYcB v CXxBY. 

But xycsB. vs. xysBc, by H; and cxBy . vs . cxyB, by H. 

Therefore Case 1 is impossible. 

Case 2. Suppose Bcyx. By similar reasoning (merely interchanging 
x and y), Case 2 is impossible. 

Therefore ABXY v ABYX. 


THEOREM 14. 17. Proof of 14 from H, 17. 


To prove: ABCX . ABCY .D. ABXY ¥ ABYX. 

Suppose both aBxy and aAByx are false. 

By 17, aBcxX . ABCY.D. ABXy¥ AcYX. Hence AacyX. 
By 17, aBcy . ABCX.D.AaBYxX¥ ACXY. Hence acxy. 
But acyx.vs.acxy by H. Therefore aBxy v aByx. 


THEOREM 14. 18. Proof of 14 from H, 18. 


To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 

Suppose both aBxy and aByX are false. 

By 18, aBcx.. AaBCY .D. ABXY¥ BCYX. Hence BCYX. 
By 18, apcy . aBCX..D. ABYX¥ BCXY. Hence BCXyY. 
But pcyx. vs. Bcxy by H. Therefore aBxy v AByX. 








84 HUNTINGTON AND ROSINGER 


THEOREM 14. 19. Proof of 14 from G, H, 19. 


To prove: ABCX . ABCY .D . ABXY v ABYX. 
By 19, aBCX . ABCY .D . ACXY v BCYX. 
By 19, AaBCY . ABCX .D . ACYX v BCXY. 


Case 1. If acxy is true, then acyx is false, by H. Therefore sexy, 
whence by G, cxys. By G, acxy.5. cCXYA. 

By G, aBcy .5. CYAB. 

By 19, cXYB . CXYA.5.CYBAY XYAB. 

But cyBa.vs.cyaB, by H. Therefore xyaB, whence by G, aBxy. 


Case 2. If Bcyx is true, then Bcxy is false, by H. Therefore acyx, 
whence by G, cyxa. By G, Bcyx.5. CYxs. 

By G, aBCx .D .CXAB. 

By 19, cyxB . CYXA.D . CXBA Y YXAB. 

But cxBA.vs.cxaB by H. Therefore yxaB, whence by G, aByx. 

Therefore ABXY v ABYX. 


THEOREM 14. 20. Proof of 14 from R, G, 16. 


To prove: ABCX . ABCY . 2 . ABXY ¥ ABYX. 

By R, aBcx .D . xcBa, whence by G, CBAX. 

By R, ascy. D2. ycBa, whence by G, cBay. 

By 16, CBAX . CBAY .D . BAXY v BAYX. 

If paxy, then by R, G, aByx; and if Bayx, then by R, G, aBxy. 
Therefore ABXY v ABYX. 


THEOREM 14. 21. Proof of 14 from R, G, 11, 19. 


To prove: ABCX . ABCY .D . ABXY v ABYX. 

By R, G, aBpcx .3.cBax. By R, G, aBcy .5. cBay. 

By G, aBcx .D . XABC. 

By 19, cBAX . CBAY .D . CAXY ¥ BAYX, whence by R, G, Xacy v ABXY. 
But if xacy, then by 11, xaBc. xacy.3. XaBy; by G, AaByx. 
Therefore ABXY ¥ ABYX. 


THEOREM 14. 22. Proof of 14 from R, G, 10, 15, 17. 


To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 

Suppose aBXY = 0 and aByx = Oo. By G, Bxya = 0 and BYXA = O. 
By 17, aBcx . aBcY.D.aBxyv acyx. Hence acyx. By G, xacy. 
By 17, aBCY . ABCX.D. ABYX ¥ 

By G, aBcy .D. BCYA. 

By 10, Bcya.xX.3.Bxyav BCYX. Hence Bcyx. By G, xBcy. 


ACXY. Hence acxy. By G, yacx. 
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By 15, Bcyx . BCYA.2.BYXAY BYAX. Hence BYAX, whence by G, 
AXBY. 

By G, aBcx .D . BCXA. 

By 10. Boxa.y.93.ByxavBcxy. Therefore Bcxy, whence by G, 
YBCX. 

By 15, BCxy . BCXA.2.BxXYA“ BXAY. Therefore Bxay, whence by 
G, AYBX. 

By 10, AaxBY .C. 5. ACBY v AXBC. 


Case 1. Suppose acBy. Then by G, yacs, and by R, yBca. 
Since ABXY = O and ABYXx = 0, by R, G, yaBx = 0 and YBAX = oO. 
By 17, YACB. YACX.2D.YABX¥ YCXB. Hence YCXB. 
By 17, yBca . YBCX.D.YBAX¥ YcXA. Hence ycxa. 
Then by 15, ycxB . YCXA.D . YXBA ¥ YXAB, 
whence by R, G, ABXY v ABYX. 


Case 2. Suppose axsc. Then by R, G, xacs, and by G, xBca. 
Since ABYX = O and ABxy = 0, by R, G, xaBy = 0 and xBay = 0. 
By 17, xacB. xacy.D.xaBy» xcyB. Therefore XcyB. 
By 17, xBca. XBcY.9.xBayv xcya. Therefore xcya. 
Then by 15, xcyA. XCYB.5 . XYABY XYBA, 

whence by G, R, ABXy v ABYX. 
Therefore ABXY v¥ ABYX. 


THEOREM 14. 23. Proof of 14 from R, G, 10, 15, 19, 
») 


Postulate 17 follows from R, G, 19, as we shall see in Theorem 17. 27 
(below). Postulate 14 follows from R, G, 10, 15, 17, by Theorem 
14. 22. 

Therefore 14 follows from R, G, 10, 15, 19. 


THEOREM 14. 24. Proof of 14 from R, G, 15, 17, 18. 


To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 

Suppose ABXY = O and ABYX = O. 

By 17, aBcx . ABCY. 9. aBxyv acyx. Hence acyx. By G, cyxa. 
By 18, aBcY . ABCX.2. ABYX» BCXY. Hence BCXY. 

By 18, aBcx . AaBCY ..D. ABXY¥ BCYX. Hence Bcyx. By G, Cyxs. 
Since ABXY = 0 and AByXx = 0, by R, G, yxaB = 0 and AYXB = 0. 
By 18, CYxB. CYXA.29.CYBAY YXAB. Hence cyBa. By G, acyB. 
By 17, ACYB. ACYX.2. ACBX¥ AYXB. Hence AcBx. 

By G, aBcx ..5. BCXA. Since ABXY = 0, by G, Bxya = 0. 

By 17, BCXA. BCXY ..9.BCAYY BxyA. Hence Bcay. By R, G, acsy. 
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By 15, acBX . ACBY .D . ABXY ¥ ABYX. 
Therefore ABXY v ABYX. 


THEOREM 14. 25. Proof of 14 from R, G, 15, 18, 19. 


Postulate 17 follows from R, G, 19, as we shall see in Theorem 17. 27 
(below). Postulate 14 follows from R, G, 15, 17, 18, by Theorem 
14. 24. Therefore 14 follows from R, G, 15, 18, 19. 


THEOREM 14. 26. Proof of 14 from R, F, G, 12. 


To prove: ABCX . ABCY. 2. ABXY v ABYX. 

By F, at least one of the twenty-four permutations of the elements 
A, B, X, Y will form a true tetrad. These twenty-four permuta- 
tions may be arranged in three lines, as follows: 

ABXY, BXYA, XYAB, YABX; XBAY, BAYX, AYXB, YXBA. 
ABYX, BYXA, YXAB, XABY; YBAX, BAXY, AXYB, XYBA. 
AXBY, XBYA, BYAX, YAXB; BXAY, XAYB, AYBX, YBXA. 

By R, G, if any tetrad in the first line is true, then ABxy is true. 

By R, G, if any tetrad in the second line is true, then aByx is true. 

By R, G, if any tetrad in the third line is true, then axBy is true. 

Hence, by F, R, G, we have aBxy v ABYX v AXBY. 

Suppose both aBxy and aByx are false. Then axBy. 

By R, G, aBcx .5. axcs. By R, G, aBcy .3. cBAY. 

By 12, axcB. AXBY .2 . xcBy, whence by G, cBYx. 

By 12, cBay . cByx .D. Bayx; By R, G, aByx; which is false. 

Therefore ABXY ¥ ABYX. 


THEOREM 14. 27. Proof of 14 from R, F, G, 13. 


To prove: ABCX . ABCY . 2. ABXY ¥ ABYX. 

By F, R, G (as in the preceding theorem), ABXY v ABYX ¥ AXBY. 
Suppose both aBxy and AByx are false. 

Then axBy, whence by G, yaBx. By G, aBcy .3. YABC. 

By 13, YAXB. YABC..2 . YXBC, whence by G, Bcyx. 

By G, aBcx .D . BCXA. 

By 13, Bcyx . BCXA.2. Byxa, by R, G, aByx; which is false. 
Therefore ABXY ¥ ABYX. 


THEOREM 14. 28. Proof of 14 from R, 10, 12, 17. 


To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 
In view of Theorem 18. 30 (below), we may use Postulate 18 as well 
as R, 10, 12, 17 in this proof. 
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Suppose ABXY = 0 and aByx = 0. By R, yxBa = 0 and xYBA = O. 


By 17, aBcx . ABCY.D.AaBxyv acyx. Hence acyx. By R, xyca. 
By 18, aBcx . ABCY.D. ABxXy» BCYX. Hence Bcyx. By R, xycs. 
By.17, XYCB.XYCA.2.XYBA’ xCAB. Hence XCAB. 

By 18, XycB. XYCcA.9.XYBAY YCAB. Hence YCAB. 

By R, aBcx .5.xcBa. By R, aBcy. 5. YCBA. 


Y.2.xXyYBAv xcBy. Hence xcBy. 
xX.2.YxXBAYv YCBX. Hence YCcBxX. 


By 10, xcBa. 
By 10, ycBa . 


By 12, XcaB . XCBY . 2. CABY. 

By 12, YCAB. YCBX . . CABX. 

By 18, CABX . CABY .D.CAXYY ABYX. Hence CAxy. 
By 12, caBX . CAXY.D.ABXy. But ABxy = O. 


Therefore ABXY ¥ ABYX. 


THEOREM 14. 29. Proof of 14 from R, 10, 11, 13, 15, 18. 

To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 

In view of Theorem 17. 37 (below), we may use Postulate 17 in this 
proof, as well as R, 10, 11, 13, 15, 18. 

Suppose ABXY = O and aBYyx = 0. By R, yxBa = 0 and xYBa = 0. 


By 17, aBCX . ABCY ..D. ABXY¥ ACYX. Hence acyx. By R, xyca. 
By 17, aBcy . ABCX.D.aByxv acxy. Hence acxy. By R, yxca. 
By 18, aBcx . AaBCY ..D.ABXY» BCYX. Hence Bcyx. By R, xyce. 
By 18, aBcy . ABCX.D. ABYX» BCXY. Hence Bcxy. By R, yxce. 


By R, aBcx.5.xcsa. By R, aBcy. 2. YCBA. 
By 10, xcBA.Y.93.xyBA» xcBy. Hence XcByY. 
By 10, ycBA.X.3.YxBA¥v ycBx. Hence YcBX. 


By R, yBex. 
By R, xsey. 


Now acsBx = 0 (for if not, by 13, acBx. acxy. 3. asBxy). By R, 
XBCA = 0. 
Also, acBy = oO (for if not, by 13, acBy . acyx.5.aByx). By R, 


YBCA = 0. 
By 10, xpcy.a.3.xacy» xsBca. Hence xacy. By R, Ycax. 
By 10, yBcx.aA.93.yYacx»v ysBca. Hence yacx. By R, xcay. 
Now xcysB = 0 (for if not, by 13, xcyB . XCBA.5 . XYBA). 
Also, ycxs = 0 (for if not, by 13, ycxB . ycBA. 5. YXBA). 











By 18, xycB. xyca.2.XYBAY YCAB. Hence YCAB. 
By 18, yxcB. YXCA.9.YXBAY XCAB. Hence XCaB. 
By 18, ycax . YCAB. 2. YCXBY CABX. Hence CABX. 
By 18, xcay . XCaB.3.xcYBy CABY. Hence CABY. 
By 15, CABX . CABY . 2D. cBxy¥ cBYX. By R, YXBc v xYBC. 


If yxpc, then by 11, yxBc . yxca .5D. YxBa, which is false. 
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If xypc, then by 11, xysBc . xyca.5. xyBa, which is false. 
Therefore, ABXY v ABYX. 


THEOREM 14. 30. Proof of 14 from R, 10, 13, 17, 18. 


To prove: ABCX . ABCY .D . ABXY v ABYX. 

Suppose ABXY = 0 and aByx = o. By R, yxBa = 0 and XYBA = 0. 

By 17, AaBCX . ABCY .. 2D. ABXY» ACYX. Hence acyx. By R, xyca. 

By 17, aBcy . aBCX.D.ABYyxv acxy. Hence acxy. 

By 18, aBcx . aBcCY ..D. aBxy» BCYx. Hence Bcyx. By R, xycs. 

By 17, xycB. xyca.2.xXYBAY xXcAB. Hence XCap. 

By 18, xycB.xyca.D.xyYBAY YCAB. Hence YCAB. 

By R, aBcx.5.xcBa. By R, aBcy. 5. YCBA. 

By 10, xcBA.y.9.xyBav xcBy. Hence xcBy. By R, yBcx. 

By 10, ycBa.x.2.y¥YxBavycBx. Hence ycsx. By R, xBcy. 

Now acBy = o (for if not, by 13, acBy. acyx.3.aByx). By R, 
YBCA = O. 

Also, acBx = o (for if not, by 13, acBx. acxy.5.aBxy). By R, 
XBCA = O. 

By 10, yspcx.a.23.yacx»ysca. Hence yacx. By R, xcay. 

By 10, xpcy.a.2.xacy» xsca. Hence xacy. By R, ycax. 

Now xcyB = 0 (for if not, by 13, xcyB . XCBA.2. XYBA). 

And ycxs = o (for if not, by 13, ycxB . YCBA. 5. YXBA). 

By 18, xcay . XCAB.2.xXcYBY CABY. Hence CABY. 

By 18, ycax . YCAB.D.YCXBY CABX. Hence CABX. 

By 18, CABY . CABX. 2D. CAYX¥ ABXY. Hence Cayx. 

By 13, caBy . cayx.3.cByx. By R, xyBc. 

By 13, xyBc . xyca.2.xsca, which is false. 

Therefore ABXY ¥ ABYX. 


THEOREM 14. 31. Proof of 14 from R, 10, 12, 15, 18. 


The proof of this theorem is left to the reader. 


THEOREM 14. 32. Proof of 14 from R, 10, 13, 17, 19. 


To prove: ABCX . ABCY .D . ABXY ¥ ABYX. 

Suppose ABXY = O and ABYX = O. 

By R, xcBa, YCBA, YXBA = O, XYBA = O. 

By 10, ycpa.x.3.yYxBavycsBx. But yxBa = 0. Hence Ycsx. 
By R, xpey. 

By 10, xcBa.y.3D.xyBpav xcsBy. But xypa = 0. Hence xcsy. 
By R, yBex. 
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By 138, if xcys, then xcyB.xcBA.2.xXyYBA, which = 0. Hence 
XCYB = 0. 

By 13, if ycxs, then ycxB.yYcBA.2.yYxBaA, which = 0. Hence 
YCXB = O. 

By 17, aBcx . ABCY.2. AaBxyv acyx. But aBxy = 0. Hence acyx. 
By R, xyca. 

By 17, aBcy . ABCX.D.ABYxv acxy. But aByx = 0. Hence acxy. 
By R, yxca. 

By 13 and R, if yBca, then acBY . ACYX .2 . ABYX, which = o. Hence 
YBCA = O. 

By 13 and R, if xBca, then acBx . acxy .D. aBxy, which = 0. Hence 
XBCA = 0. 

By 10, xBcy.a.9.xacyy» xpca. But xpca =o. Hence xXacy. 
By R, ycax. 

By 10, xyca.B.9.xBcav xycB. But xBpca = 0. Hence xyce. 

By 10, yBcx.a.3.yYacxvyspca. But yBca =o. Hence yacx. 
By R, xcay. 

By 10, yxca.B.9.yYBCAY YxcB. But YBCA 
By R, Bexy. 

By 17, yxcB.YXCA.D.YXBAY YCAB. But yxBa = 0. Hence ycas. 

By 17, xycB. xyca.3.xyYBAY xcaB. But xyBa = 0. Hence Xcas. 


o. Hence YXcB. 


By 13, if xays, then xacy.XAYB.9.xcyB, which = o. Hence 
XAYB = 0. 

By 13, if yaxs, then yACX.YAXB.2.ycxs, which = o. Hence 
YAXB = O 


By 13 and R, if cpxy, then yxBc . yxca .5. BCA, which = o. Hence 
CBXY = 0. 

By 19, xcay. XCAB.9.XAYBY CABY. But XaAyB = 0. Hence CABy. 

By 19, ycax. YCAB.9D.YAXBY CABX. But YAXxB = 0. Hence CaBx. 

By 19, cABX.. CABY. D. CBXY¥ ABYX. But cBxy = o. And AaByx = 0. 

Hence the supposition is false. Therefore aBXy v ABYX. 


Forty-FrvE Proors or PostTuLaTE 15. 
THEOREM 15. 1. Proof of 15 from G, H, 10. 


To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 
By G, aBcx.2.xaBc. By G, ascy.5. BCYA. 
By 10, xaBC. Y.5. XYBC ¥ XABY, whence by G, YBCX v ABYX. 


Case 1. If yscx, then by 10, yBcx . A. 5. YACX ¥ yBCA, whence by G 
ACXY¥ BCAY. But Bcya.vs.Bcay, by H. Therefore acxy. 
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Case 2. If aByx, then by 10, aByx.c.3. ACYX v ABYC. 
But aByc.vs.aBcy, by H. Therefore acyx. 
Therefore ACXY v ACYX. 


THEOREM 15. 2. Proof of 15 from G, 10, 12. 


To prove: ABCX . ABCY .D. ACXY v ACYX. 
By G, aspcy.3.Bcya. By G, aBcx.5. BCXA. 
By 10, BcYA.xX.29. BXYA¥Y BCYX. 


Case 1. If Bxya, then by G, aBxy. By 12, aBCcx. ABXY. 2. BCXY. 

By 12, Bcxy . BCYA.2.cxya, whence by G, acxy. 

Case 2. If Bcyx, then by G, Bcyx. BCXA.5.cCyxa, whence by G, 
ACYX. 

Therefore ACXY v ACYX. 


THEOREM 15. 3. Proof of 15 from G, 12, 14. 
To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 

By G, aBcy.2.Bcya. By G, aBcx .3. BCXA. 
By 14, aBcx . ABCY .D . ABXY v ABYX. 


Case 1. If asBxy, then by 12, aBpcx . ABXY .D. BCXY. 
By 12, Bcxy . BCYA.2.cxya, whence by G, acxy. 


Case 2. If apyx, then by 12, aBcy . ABYX .5. BCYX. 
By 12, Bcyx . BCXA.D . cCYXa, whence by G, acyx. 
Therefore acxy v ACYX. 


THEOREM 15. 4. Proof of 15 from G, 12, 16. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

By G, aBcy.2.Bcya. By G, aBcx.3. BCXA. 

By 16, aBCX . ABCY .D . BCXY v BCYX. 

If pcxy, then by 12, Bcxy . Bcya ..3.cxya, whence by G, acxy. 
If pcyx, then by 12, Bcyx . BCXA .D. CYxA, whence by G, Acyx. 
Therefore acxy v ACYX. 


THEOREM 15. 5. Proof of 15 from G, 12, 17. 


To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 

By 17, ABCY . ABCX .D. ABYX ¥ ACXY. 

If apyx, then by 12, aBcy . aByx.5.Bcyx. By G, apcx. D3. BCXA. 
By 12, Bcyx . BCXA.D . cyxa, whence by G, acyx. 

Therefore Acxy v ACYX. 
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THEOREM 15. 6. Proof of 15 from G, 12, 18. 
To prove: ABCX . ABCY .2 . ACXY v ACYX. 


By G, aBcy.5.Bcya. By G, aBcx 5. BCXA. 
By 18, ABCX . ABCY .D . ABXY v BCYX. 


Case 1. If apxy, then by 12, aBcx . ABXY .D. BCXY. 
By 12, Bcxy . BCYA .2 . cxya, whence by G, acxy. 


Case 2. If Bcyx, then by 12, Bcyx . BCXA.3.cyxa, whence by G, 
ACYX. 
Therefore ACXY v ACYX. 


THEOREM 15. 7. Proof of 15 from G, 12, 19. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

Suppose ACXyY is false. By G, aBcx .D. BCXA. 

By 19, aBcx . ABCY.D.acxy» Bcyx. Therefore Bcyx. 
By 12, Bcyx . BCXA ..D . cyxa, whence by G, acyx. 
Therefore Acxy v ACYX. 


THEOREM 15. 8. Proof of 15 from G, 10, 13. 


This follows from Theorem 15. 2, by aid of Theorem 12. 2. 


THEOREM 15.9. Proof of 15 from 13, 14. 


To prove: ABCX . ABCY . . ACXY v ACYX. 
By 14, aBCxX . ABCY .D . ABXY v ABYX. 

If apxy, then by 13, aBcx . ABXY .D. ACXY. 
If aByx, then by 13, aBcy . ABYX .D. ACYX. 
Therefore ACXY v ACYX. 


THEOREM 15. 10. Proof of 15 from G, 138, 16. 


This follows from Theorem 15. 4, by aid of Theorem 12. 2. 


THEOREM 15. 11. Proof of 15 from 13, 17. 


To prove: ABCX . ABCY . . ACXY ¥ ACYX. 

By 17, ABCX . ABCY .D . ABXY ¥ ACYX. 

But if aBxy, then by 13, aBcx . ABXY .D . ACXY. 
Therefore Acxy v ACYX. 


THEOREM 15. 12. Proof of 15 from G, 13, 18. 
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THEOREM 15. 13. Proof of 15 from G, 13, 19. 


These theorems follow from Theorems 15. 6 and 15. 7 by aid of 
Theorem 12. 2. 


THEOREM 15. 14. Proof of 15 from H, 17. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

Suppose both acxy and acyx are false. 

By 17, aBcx . ABCY.5.aBxyw acyx. Therefore aBxy. 
By 17, aBcy . ABCX.D.aBYyx~acxy. Therefore aByx. 
But aBxy. vs. ABYX, by H. Therefore acxy vy acyx. 


THEOREM 15.15. Proof of 15 from G, H, 18. 


To prove: ABCX . ABCY . . ACXY ¥ ACYX. 
By 18, aBcx . ABCY . . ABXY » BCYX. 


Case 1. Suppose aBxy. Then by G, yaBx. By G, aBcy . >. YABC. 
By 18, YABC . YABX .D . YACX v ABXC, whence by G, ACXY v ABXC. 
But aBxc .. vs. ABCX, by H. Therefore acxy. 


Case 2. Suppose Bcyx. By G, aBcy.5. BCYA. 

By G, aBcx . . BCXA. 

By 18, Bcya . BCYX .D . BCAX ¥ CYxA, whence by G, BCAX v ACYX. 
But BCAX . vs. BCXA, by H. Therefore acyx. 

Therefore acxy v Aacyx. 


THEOREM 15. 16. Proof of 15 from H, 19. 


To prove: ABCX . ABCY .D. ACXY v ACYX. 

Suppose both acxy and acyx are false. 

By 19, aBcx . aBcY .D. acxy» Bcyx. Therefore Bcyx. 
By 19, aBcy . aBcx .5.acyx~ Bcxy. Therefore Bcxy. 
But Bcyx . vs. Bcxy, by H. Therefore acxy v acyx. 


THEOREM 15.17. Proof of 15 from G, 10, 11, 14, 16. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

By G, aBcx.2.Bcxa. By G, aBCcY.. BCYA. 

By 14, aBcx . ABCY . . ABXY v ABYX. 

By 16, ABCX . ABCY . . BCXY v BCYX. 

By 10, BCxXA.Y.2.BYXA¥Y BCXY, whence by G, ABYX v BCXY. 
By 10, BcyaA.X.2.BXYAY BCYX, whence by G, ABXY v BCYX. 
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Case 1. Suppose both aBxy and Bcxy are true. Then by G, xyaB and 
XYBC. | 
By 11, xyaB . xyBc .5 . xyac, whence by G, acxy. 


Case 2. Suppose either aBxy or BCXyY is false. Then aByx and Bcyx 
are true, whence by G, yxaB and YXxBC are true. 

By 11, yxaB. YxBc .5. yxac, whence by G, acyx. 

Therefore acxy v ACYX. 


THEOREM 15. 18. Proof of 15 from G, 11, 14, 16, 18. 


To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 

Suppose ACXY = O and ACcyx = 0. 

Then by G, xyac = 0 and YxAc = 0. 

By 14, aBcx . ABCY .D . ABXY ¥ ABYX, whence by G, XYAB v YXAB. 
By 18, ABCX . ABCY .D . ABXY v BCYX, whence by G, XYAB v YXBC. 
By 18, aBcy . ABCX .D . ABYX v BCXY, whence by G, YXAB ¥ XYBC. 
By 16, aBcYy . ABCX .D. BCYX ¥ BCXY, whence by G, YXBC v XYBC. 


Case 1. Suppose xyaB is false. Then yxaB and yxBc are true. 
Then by 11, YxaB . YxBC . > . yxac, which is false. 


Case 2. Suppose xyBc is false. Then yxaB and YxBC are true. 
Then by 11, yxaB . YxBc .5. yxac, which is false. 

Therefore XYAB and XyYBC are true. 

By 11, xyaB. xyBc .9. xyac, whence by G, acxy, which is false. 
Therefore acxy v ACYX. 


THEOREM 15. 19. Proof of 15 from G, 11, 14, 19. 


To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 

Suppose both acxy and acyx are false. 

By 19, aBcx . ABCY .D . acxy» Bcyx. Then Bcyx; by G, YxBc. 
By 19, aBcy . ABCX ..D. acyx» BCXxy. Then Bcxy; by G, xyBc. 
By 14, aBcx . ABCY .D . ABXY ¥ ABYX, whence by G, XYAB ¥ YXAB. 
If xyabs, then by 11, XyaB. xyBc.5. xyac; by G, Acxy. 

If yxab, then by 11, yxaB. yxBc.9.yxac; by G, acyx. 
Therefore ACXY ¥ ACYX. 


THEOREM 15. 20. Proof of 15 from G, 11, 16, 17. 


To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 
Suppose both acxy and acyx are false. 
By 17, apcx . aBcy .D. aBxyv acyx. Then aBxy; by G, Xyab. 
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By 17, aBcy . ABCX.9D. ABYX¥ ACXY. Then aByx; by G, YXAB. 
By 16, aBCX . ABCY .D . BCXY ¥ BCYX; by G, XYBC v YXBC. 

If xysc, then by 11, xyaB. xyBc.5. xyac; by G, acxy. 

If yxsc, then by 11, YXAB. YXBC .D. YXAC; by G, acyx. 
Therefore ACXY ¥ ACYX. 


THEOREM 15. 21. Proof of 15 from G, 11, 17, 19. 


To prove: ABCX . ABCY . . ACXY v ACYX. 

Suppose AcyX is false. 

By 17, aBcx . ABCY .D . AaBXYv acyx. Then aBxy; by G, xYAB. 
By 19, aBcy . ABCX.D.acyx» Bcxy. Then Bcxy; by G, xyYBC. 
By 11, xyaB. xyBc .5. xyac, whence by G, acxy. 

Therefore ACXY ¥ ACYX. 


THEOREM 15. 22. Proof of 15 from H, 10, 14. 


To prove: ABCX . ABCY . . ACXY v ACYX. 
By 14, aBcx . ABCY .D . ABXY v ABYX. 


Case 1. If aBxy, then by 10, aBxy.c.3. ACXY v ABXC. 
But aBxc. vs. aBcx, by H. Therefore acxy. 





Case 2. If apyx, then by 10, aByx.c.5. ACYX ¥ ABYC. 
But aByc.vs.aBcy, by H. Therefore acyx. 
Therefore acxy v ACYX. 


THEOREM 15. 23. Proof of 15 from H, 10, 18. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 
By 18, ABCX . ABCY .D . ABXY ¥ BCYX. 
By 18, aBcy . ABCX .D . ABYX v BCXY. 





Case 1. If asxy, then by 10, aBxy.c.3. ACXY v ABXC. | 
But aBxc . vs. aBcX, by H. Therefore acxy. 
Case 2. If Bcyx, then by H, sexy is false. Then aByx is true. 
Then by 10, aByx.c.3. ACYX ¥ ABYC. 

But apyc. vs. abBcy, by H. Therefore acyx. 

Therefore acxy v AcyXx. 





THEOREM 15. 24. Proof of 15 from H, 13, 18. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 
By 18, ABCX . ABCY . 2. ABXY ¥ BCYX. 
By IS, ABCY . ABCX .D . ABYX ¥ BCXY. 
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Case 1. If apxy, then by 13, aBcx . ABXY .D. ACXY. 


Case 2. If Bcyx, then by H, sexy is false. Then apyx is true. 
Then by 13, aBcy . ABYX .D. ACYX. 
Therefore ACXY v ACYX. 


THEOREM 15. 25. Proof of 15 from R, G, 11, 14. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

By R, G, aBcx .5D.cBax. By R, G, aBcy .5. cBay. 
By 14, aBcx . ABCY .D . ABXY v ABYX. 

By 14, cBAX . CBAY .D . CBXY v CBYX. 


Case 1. If apxy and cByx, by R, G, xyaB and xyBc. 
By 11, xyaB.xyspc.9.xyac. By G, acxy. 


Case 2. If apyx and cpxy, by R, G, yxaB and yxsc. 

By 11, yxaB.yxsBc.9.yxac. By G, acyx. 

Case 3. If anxy and cpxy, by R, yxBa and yxBc. 

By 14, yxBa. yxBc.9.yxacvyxca. By R, G, acyx v acxy. 
Case 4. If aByx and cByx, by R, xyBa and xyYBC. 

By 14, xyBa. xyBc.9.xyacvwxyca. By R, G, acxy v acyx. 
Therefore acxy v ACYX. 


THEOREM 15. 26. Proof of 15 from R, G, 11, 16. 


Proof: 14 from R, G, 16, by Theorem 14. 20; then 15 from R, G, 11, 
14 by Theorem 15. 25. 


THEOREM 15. 27. Proof of 15 from R, G, 11, 17. 


Proof: 14 from G, 11, 17 by Theorem 14. 15; then 15 from R, G, 11, 14 
by Theorem 15. 25. 


THEOREM 15. 28. Proof of 15 from R, G, 11, 19. 


Proof: 14 from R, G, 11, 19 by Theorem 14. 21; then 15 from R, G, 11, 
14 by Theorem 15. 25. 


THEOREM 15. 29. Proof of 15 from R, G, 14, 17. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

Suppose ACXY = 0 and Aacyx = 0. 

By 17, aBcx . ABCY .D. ABxy¥ acyx. Hence aBxy. By R, yxBa. 
By R, G, aBcx .5.cBax. By R, G, aBcy. 2. cBay. 
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By 17, cBAX . CBAY .D. cBxy» cayx. By R,G, yxpcv acxy. Hence 
YXBC. 

By 14, yxBa.yxBc.9.yxacv yxca. By R, G, acyx v acxy. 

Therefore ACXyY v ACYX. 


THEOREM 15. 30. Proof of 15 from R, G, 14, 19. 


Proof: 17 from R, G, 19 by Theorem 17. 27 (below); then 15 from R, 
G, 14, 17 by Theorem 15. 29. 


THEOREM 15. 31. Proof of 15 from R, G, 16, 17. 


Proof: 14 from R, G, 16 by Theorem 14. 20; then 15 from R, G, 14, 17 
by Theorem 15. 29. 


THEOREM 15. 32. Proof of 15 from R, G, 16, 19. 


Proof: 17 from R, G, 19 by Theorem 17. 27 (below); then 15 from R, 
G, 16, 17 by Theorem 15. 31. 


THEOREM 15. 33. Proof of 15 from R, G, H, 14. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

By G, aBcy.2.yasc. By G, aBcx. 2. XABC. 

By R, G, apcx.>.axcs. By R, G, apcy.5. ayces. 
Suppose aCXy = 0 and AcYyx = 0. 

By 14, aBcx . ABCY .D . ABXY v ABYX. 


Case 1. If apxy, then by G, YaBx. 

By 14, yaBx. YaABC.D.yaxcvyacx. By G, axcyyv acxy. Hence 
AXCY. 

By 14, axcy . AaXxCB.3.AXYBY AXBY. By R, G, ABYx » YAXB. 

But aByx . vs. ABXY by H; and YaxB. vs. YABX, by H. 


Case 2. If aByx, then by G, xaBy. 

By 14, xaBy.xaBc.9.xaycv xacy. By G, aycxyv acyx. Hence 
AYCX. 

By 14, aycx . AaycB.5.AayYxByv AyBx. By R, G, aBxy » XAyYB. 

But aBxy . vs . ABYx, by H; and xayB. vs. xaBy, by H. 

Therefore acxy v ACYXx. 


THEOREM 15. 34. Proof of 15 from R, G, H, 16. 


Proof: 14 from R, G, 16 by Theorem 14. 20; then 15 from R, G, H, 14. 
by Theorem 15. 33. 
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THEOREM 15. 35. Proof of 15 from R, F, G, 12. 


Proof: 14 from R, F, G, 12 by Theorem 14. 26; then 15 from G, 12, 14 
by Theorem 15. 3. 


THEOREM 15. 36. Proof of 15 from R, F, G, 13. 


Proof: 12 from G, 13 by Theorem 12. 2; hence 15 from R, F, G, 12, by 
Theorem 15. 35. 


THEOREM 15. 37. Proof of 15 from R, H, 11, 18. 


To prove: ABCX . ABCY DD. ACXY v ACYX. 
By 18, aBCxX . ABCY .D . ABXY v BCYX. 
By 18, aBcy . ABCX .D . ABYX v BCXY. 


Case 1. If asxy is true, then aByx = 0, by H. Hence sexy. 
By R, aBxy.2.yxBa. By R, Bcxy .D. Yxce. 
By 11, yxcB. YxBa.9D.yxca. By R, acxy. 


Case 2. If Bcyx is true, then Bcxy = 0, by H. Hence apyx. 
By R, Bcyx.5.xycs. By R, aByx.5. XyYBA. 

By 11, xycB.xyBa.93.xyca. By R, acyx. 

Therefore ACXY v ACYX. 


THEOREM 15. 38. Proof of 15 from R, 11, 12, 14. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 
By 14, aBCX . ABCY . . ABXY v ABYX. 


Case 1. If apxy, then by 12, aBcx. aBxy.9.Bcxy. By R, yxcp. 
By R, aBxy .D . YXxBA. 
By 11, yxcB.YxBa.2D.yxca. By R, acxy. 


Case 2. If apyx, then by 12, ancy. aByx.9.Bcyx. By R, xyce. 
By R, aByx .D . XYBA. 

By 11, xycB. xyBaA.9.xyca. By R, acyx. 

Therefore acxy v ACYXx. 


THEOREM 15. 39. Proof of 15 from R, 11, 12, 17. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

Suppose AcYyxX = 0. 

By 17, aBcx . aBCY .D. aBxy» acyx. Hence aBxy. By R, yxBa. 
By 12, apcx .. aBxy.5.Bcxy. By R, yxcs. 

By 11, yxcB. YxBA.2.yxca. By R, acxy. 

Therefore ACXY v ACYX. 
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THEOREM 15. 40. Proof of 15 from R, 11, 17, 19. 


To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 

Suppose acyx = 0. 

By 17, aBCX . ABCY ..D . ABXY¥ ACYX. Hence aBxy. By R, yxsa. 
By 19, aBCY . ABCX..D .acyx» BCxy. Hence Bcxy. By R, yxces. 
By 11, yxcB. xyBa.9.yxca. By R, acxy. 

Therefore acxy v ACYX. 


THEOREM 15. 41. Proof of 15 from R, 11, 14, 19. 


To prove: ABCX . ABCY .D . ACXY v ACYX. 

Suppose aCXy = 0 and Acyx = 0. 

By 19, aBcx . ABCY .D . acxy» Bcyx. Hence Bcyx. By R, xyce. 
By 19, aBcy . ABCX.2 .acyx» BCxy. Hence Bcxy. By R, yxcp. 
By 14, aBcx . ABCY. 9D. ABXY ¥ ABYX. By R, YXBA vy XYBA. 

If yxspa, by 11, yxcB. YxBa.5. yxca; by R, acxy. 

If xyBa, by 11, xycB. xyBa. 5. xyca; by R, acyx. 

Therefore acxy v ACYX. 


THEOREM 15. 42. Proof of 15 from R, 11, 16, 17. 


To prove: ABCX . ABCY .D . ACXY ¥ ACYX. 

Suppose acxy = 0 and Acyx = 0. 

By 17, aBCX . ABCY ..D . ABXY¥ ACYX. Hence aBxy. By R, yxBa. 
By 17, aBcy . AaBCX.D.ABYyxX~ acxy. Hence aByx. By R, xyBa. 
By 16, aBcx . aBCY .D . Bcxy» BCYX. By R, yxcB vy xyces. 

If yxcs, by 11, yxcB. YxBaA.9.yxca. By R, acxy. 

If xycs, by 11, xycB. xyBa.D.xyca. By R, acyx. 

Therefore acxy v ACYX. 


THEOREM 15. 43. Proof of 15 from R, 10, 12, 17. 


Proof: Postulate 11 follows from R, 10, 12, 17, by Theorem 11. 6; then 
15 from R, 11, 12, 17, by Theorem 15. 39. 


THEOREM 15. 44. Proof of 15 from R, H, 10, 12, 16. 


Proof: Postulate 19 follows from R, H, 10, 12, 16, by Theorem 19. 37 
(below); then 15 follows from H, 19, by Theorem 15. 16. 


THEOREM 15. 45. Proof of 15 from R, 10, 12, 14. 
The proof of this theorem is left to the reader. 
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TurrRtTy-ONE Proors or PostTuLaTE 16. 
THEOREM 16.1. Proof of 16 from G, H, 10. 


To prove: ABCX . ABCY . . BCXY v BCYX. 

By G, aBcx .D . Bcxa; and by G, aBcy .. BCYA. 

Suppose both Bcxy and Bcyx are false. 

By 10, Bcxa.Y.29.Byxaw BCXY. Hence Byxa. By G, aByx. 
By 10, BcyaA.X.93.BxyYAY BCYX. Hence Bxya. By G, aBxy. 
But ABYX . vs . ABXY, by H. 

Therefore BCXY v BCYX. 


THEOREM 16. 2. Proof of 16 from G, 10, 12. 


To prove: ABCX . ABCY . . BCXY v BCYX. 

By G, aBcy .D. BCYA. 

By 10, BcYA.X.2. BXYAY BCYX. 

If pxya, then by G, aBxy. By 12, aBcx . AaBXY .9. BCXY. 
Therefore BCXY v BCYX. 


THEOREM 16. 3. Proof of 16 from 12, 14. 


To prove: ABCX . ABCY .D . BCXY ¥ BCYX. 
By 14, aBcx . ABCY .D . ABXY v ABYX. 

If aBxy, then by 12, aBcx . ABXY .D . BCXY. 
If apyx, then by 12, aBcy . ABYX .D . BCYX. 
Therefore BCXY v BCYX. 


THEOREM 16. 4. Proof of 16 from G, 12, 15. 

To prove: ABCX . ABCY . . BCXY ¥ BCYX. 

By G, aBcx ..2.cxaB. By G, aBcy. 5. CYAB. 

By 15, aBcx . ABCY ..D. acxyv acyx. By G, cxyav cyXxa. 
Case 1. If cxya, by 12, cxya.cxaB.9.xyas. By G, apxy. 
By 12, aBcx . ABXY . . BCXY. 

Case 2. If cyxa, by 12, cyxa.cYyaAB.D.yYxaB. By G, ABYx. 
By 12, aBcy . ABYX .. BCYX. 

Therefore BCXY v BCYX. 


THEOREM 16. 5. Proof of 16 from G, 12, 17. 


To prove: ABCX . ABCY .D . BCXY ¥ BCYX. 
By 17, aBCX . ABCY .D . ABXY ¥ ACYX. 
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Case 1. If apxy, by 12, aBcx . ABXY .D. BCXY. 


Case 2. If acyx, by G, cyxa. By G, aBcy . 3. CYAB. 
By 12, cyxa.cyaB.2.yYxaB. By G, aByx. 

By 12, aBCY . ABYX . . BCYX. 

Therefore BCXY v BCYX. 


THEOREM 16. 6. Proof of 16 from 12, 18. 


To prove: ABCX . ABCY . . BCXY v BCYX. 
By 18, ABCX . ABCY . . ABXY v BCYX. 

If aBxy, by 12, aBCX . ABXY.. BCXY. 
Therefore BCXY v BCYX. 


THEOREM 16. 7. Proof of 16 from G, 12, 19. 


To prove: ABCX . ABCY . . BCXY ¥ BCYX. 

Suppose Bcyx is false. 

By 19, aBcx . ABCY.2D. acxy» Bcyx. Hence acxy. By G, cxya. 
By G, ABCX .D . CXAB. 

By 12, cxya.cxaB.9.xyaB. By G, ABxy. 

By 12, aBCX . ABXY . . BCXY. 

Therefore BCYX v BCXY. 


THEOREM 16. 8. Proof of 16 from G, 10, 13. 





THEOREM 16.9. Proof of 16 from G, 13, 14. 





THEOREM 16. 10. Proof of 16 from G, 13, 15. 





THEOREM 16. 11. Proof of 16 from G, 13, 17. 





THEOREM 16. 12. Proof of 16 from G, 13, 18. 





THEOREM 16. 13. Proof of 16 from G, 13, 19. 


These six theorems follow from Theorems 16. 2-16. 7, by the aid of 
Theorem 12. 2 (which says that 12 follows from G, 13). 










THEOREM 16. 14. Proof of 16 from G, 11, 15. 


To prove: ABCX. ABCY . BCXY ¥ BCYX. 
By G, aBpcx .D.cxaB. By G, apcy.5. cYAB. 
By 15, aBCX .. ABCY.2. acxyv acyx. By G, cxyav CYXa. 











Case 1. If cxya, then by 11, cxya.cxaB.9.cxyB. By G, Bexy. 
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Case 2. If cyxa, then by 11, cyxa.cyaB.5.cyxs. By G, Bcyx. 
Therefore BCXY v BCYX. 


THEOREM 16. 15. Proof of 16 from G, 11, 19. 


To prove: ABCX . ABCY . . BCXY v BCYX. 

Suppose Bcyx is false. By G, aBcx .D. CXAB. 

By 19, aBcx . ABCY ..D.acxy~ BCyx. Hence acxy. By G, cxya. 
By 11, cxya.cxaB.5.cxys. By G, Bcxy. 

Therefore BCXY v BCYX. 


THEOREM 16. 16. Proof of 16 from G, H, 14. 


To prove: ABCX . ABCY . . BCXY v BCYX. 

By G, aBcy.9.yase. By G, aBcx.5. XaBc. 

By G, aBpcy.2.cyaB. By G, aBcy.5. Bcya. 

Suppose BCXy = 0 and Bcyx = o. By G, cyxB = 0 and xYBC = O. 
By 14, aBcx . ABCY .D . ABXYv ABYX. By G, YABX v XABY. 

If yaBx, then by 14, yaBX . YABC ..D . YAXC v YACX. 

If xaBy, then by 14, XaABY . XABC.D. XAYC ¥ XACY. 


Case 1. Suppose yaBx and YAxc. 

By G, yaxc.9.cyax. By G, yaxc.3. xcya. 

By 14, cyax.cyaB.2.cyxB»cyBx. Hence cysx. By G, xcys. 
By 14, xcyB. xcya.2.xXxcBAY xcaB. By G, AXCB vy ABXC. 

But aBxc. vs. ABCX, by H. Hence axcs. 

By G, yaxc. D.axcy. By G, YABX.5. XYAB. 

By 14, axcy . AXxCB.D.AxYBY AXBY. By G, XYBAY YAXB. 

But XYBA. vs. XYAB, by H; and YaxB. vs. YABX, by H. 

Therefore Case 1 is impossible. 


Case 2. Suppose YABX and YACX. 

By G, yaBx.3.xyaB. By G, yacx.. xyYac. 

By G, YABX .. BXYA. 

By 14, xyaB.xyac.9.xyBpcv xycs. Hence xycs. By G, Bxyc. 
By 14, Bxyc . BxYA.9.BxcA¥y Bxac. By G, ABXC v XACB. 

But aBxc . vs. ABCX, by H; and xacs. vs. xaBc, by H. 

Therefore Case 2 is impossible. 

Case 3. Suppose XABY and XAYCc. 

By interchanging x and y in Case 1, we see that Case 3 is impossible. 


Case 4. Suppose XaBY and Xacy. 
By interchanging x and y in Case 2, we see that Case 4 is impossible. 
Therefore BCXY v BCYX. 
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THEOREM 16. 17. Proof of 16 from G, H, 17. 


To prove: ABCX . ABCY . . BCXY v BCYX. 
By 17, aBcx . ABCY.D . ABXY¥ ACYX. By G, XYABv Yxac. 
By 17, aBcy . ABCX.D.aABYyxv acxy. By G, YXABvY XYAC. 


Case 1. Suppose XyAB and xyac. By G, aBcx. 5. XABC. 
By 17, XYAB.XYAC.2 . XYBC v XACB. 
But xacsB. vs. xaBc, by H. Hence xysc. By G, Bexy. 


Case 2. Suppose yxaB and yxac. By G, aBcy .5. YABC. 
By 17, YXAB . YXAC .2 . YXBC ¥ YACB. 
But yacB. vs. yaBc, by H. Hence yxsc. By G, Bcyx. 


Case 3. Suppose XyAB and yxaB. By G, aBxy and AByx. 
But aBxy . vs. ABYX, by H. 


Case 4. Suppose yxac and xyac. By G, acyx and acxy. 
But acyx . vs . acxy, by H. 
Therefore BCXyY v BCYX. 


THEOREM 16. 18. Proof of 16 from H, 18. 


To prove: ABCX . ABCY .D . BCXY v BCYX. 

Suppose both Bcxy and Bcyx are false. 

By 18, aBcx . ABCY.D . aBXY ¥ BCYX. Hence ABxy. 
By 18, aBcy . ABCX ..D . ABYX» BCXy. Hence AByx. 
But aBxy . vs . ABYX, by H. 

Therefore BCXY v BCYX. 











THEOREM 16. 19. Proof of 16 from H, 19. 


To prove: ABCX . ABCY .D . BCXY ¥ BCYX. 

Suppose both Bcxy and Bcyx are false. 

By 19, aBCX . ABCY ..D . acxy ¥ BCYX. Hence Acxy. 
By 19, aBcy . ABCX ..D. acyx» Bcxy. Hence acyx. 
But acxy . vs. acyx, by H. 

Therefore BCXY v BCYX. 





















THEOREM 16. 20. Proof of 16 from H, 12, 17. 


To prove: ABCX . ABCY .D . BCXY v BCYX. 
By 17, ABCX . ABCY . . ABXY ¥ ACYX. 
By 17, aBCY . ABCX .D . ABYX ¥ ACXY. 







Case 1. If aBxy, by 12, aBCX . ABXY .D. BCXY. 
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Case 2. If apyx, by 12, aBcy . AaBYX .D. BCYX. 


Case 3. If both aBxy and aByx are false, then acyx and acxy, which 
is impossible, by H. 
Therefore BCXY v BCYX. 


THEOREM 16. 21. Proof of 16 from R, G, 14. 


To prove: ABCX . ABCY . . BCXY v BCYX. 

By R, G, apcx.5.csBax. By R, G, apcy .5. cBay. 

By 14, cBAX . CBAY . . CBXY ¥ CBYX. 

If cpxy, then by R, G, Bcyx; and if cpyx, by R, G, Bexy. 
Therefore BCXY v BCYX. 


THEOREM 16. 22. Proof of 16 from R, G, 11, 17. 
Proof by Theorems 19. 26 and 16. 15. 


THEOREM 16. 23. Proof of 16 from R, G, 10, 15, 17. 
THEOREM 16. 24. Proof of 16 from R, G,:10, 15, 19. 
THEOREM 16. 25. Proof of 16 from R, G, 15, 17, 18. 


THEOREM 16. 26. Proof of 16 from R, G, 15, 18, 19. 
THEOREM 16. 27. Proof of 16 from R, F, G, 12. 


THEOREM 16. 28. Proof of 16 from R, F, G, 13. 


These six theorems follow from Theorems 14. 21-14. 27 (which give 
postulate 14), by the aid of Theorem 16. 21. 


THEOREM 16. 29. Proof of 16 from R, 10, 12, 19. 


To prove: ABCX . ABCY .D . BCXY v BCYX. 

Suppose BCXY = 0 and Bcyx = o. By R, yxcsB = o and xycs = o. 

By 19, aBcx . aBCY .D. acxy» Bcyx. Then acxy. By R, yxca. 

By 19, aBcy . ABCX.D.acyx» Boxy. Then acyx. By R, xyca. 

By 10, yxca.B.2.yBcav yxcB. Then ysca. By R, acy. 

By 10, xyca.B.3.xpcavxycs. Then xspca. By R, acpx. 

Now aBxy = 0 (for if not, by 12, ancx. aBxy.3.Bcxy). By R, 
YXBA = 0. 
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Also, aBYX = O (for if not, by 12, aBcy. aByx.5. Bcyx). By R, 
XYBA = O. 

By R, aBcx .5 . XcBA. 

By 10, xcBa.y.2.xyBav xcBy. Then xcsy. By R, yBcx. 

By R, aBcy . 5. YCBA. 

By 10, ycBA.x.9.yYxBavycsx. Then ycsx. By R, xBcy. 

By 19, acBx . AcBY.2 .aBxy~cByx. Then cByx. By R, xysc. 

By 19, acBy . ACcBX.2D.ABYX»cCBXY. Then cBxy. By R, yxsc. 

By 10, xypc.a.9.xaBcyv xyBa. Then xasc. By R, cBax. 

By 10, yxpc.a.2.yYaBcyv YxBa. Then yase. By R, cBay. 

By 10, acxy.B.9.aBxy~v acxs. Then acxs. 

By 10, acyx.B.2.aByxvacyB. Then acys. 

By 12, acxB . ACBY .D . CXBY. 

By 12, acyx . ACXB .D . CYXB. 

By 12, acxy . ACYB. . CXYB. 

Now cxBa = 0 (for if not, by 12, cxyB . CXBA.D. XyYBA). 

Also, cyBA = 0 (for if not, by 12, cyxB . CYBA.2 . YXBA). 

By 10, cxBy.a.2.caBy»cxBa. Then caBy. By R, yBac. 

By 12, yYBAC . YBCX . . BACX. 

By 12, cBAX . CBXY . . BAXY. 

By 12, cBAY . CBYX . 2. BAYX. 

By 10, Baxy.c.5.Bcxy~ Baxc. Then Baxc. 

By 10, BAYx.c.5.Bcyx~» Bayc. Then Bayc. 

By 12, Bayc . BACX.2.aycx. By R, xcya. 

By 12, BAYX . BAXC .D. AYXC. 

By R, aBcx . 5. XCBA. 

Now, xcyB = 0 (for if not, by 12, xcyB. XCcBA 

By 10, xcya.B.93.xsByav xcyB. Then xpya. 

By 12, xpcy .xBya.2.Bcya. By R, aycs. 

By 12, ayxc . aycB .2. yxcB, which is false. 

Therefore BCXY ¥ BCYX. 


THEOREM 16. 30. Proof of 16 from R, 10, 12, 15. 


Proof: 19 from R, 10, 12, 15, by Theorem 19. 38 (below) then 16 from 
R, 10, 12, 19, by Theorem 16. 29. 


THEOREM 16. 31. Proof of 16 from R, 10, 12, 17. 


Proof: 15 from R, 10, 12, 17, by Theorem 15. 43; then 16 from R, 10, 
12, 15 by Theorem 16. 30. 
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THIRTY-NINE PRooFs OF POSTULATE 17. 
THEOREM 17.1. Proof of 17 from G, H, 10. 


To prove: ABCX . ABCY . . ABXY v ACYX. 

By G, aBcx .5.Bcxa. By G, aBcy. 5. Bcya. 

Suppose ABXyY is false. By G, Bxya is false. 

By 10, Bcya.xX.9.BxYAv BCYX. Hence Bcyx. By G, cyxs. 
By 10, cyxB.a.9.caxBycyxa, By G, BCAX v Acyx. 

But Bcax . vs. BcXA, by H. Hence acyx. 

Therefore ABXY v ACYX. 


THEOREM 17. 2. Proof of 17 from G, 10, 12. 


To prove: ABCX . ABCY .) . ABXY ¥ ACYX. 

By G, apcx.5.Bcxa. By G, aBcy.3. BCYA. 
Suppose ABxy is false. Then by G, Bxya is false. 
By 10, BcyA.xX.2.BxyYAv BCYX. Hence BCYXx. 
By 12, Bcyx . BCxXA.9.cyxa. By G, acyx. 
Therefore ABXY v ACYX. 


THEOREM 17. 3. Proof of 17 from G, 12, T4. 


To prove: ABCX . ABCY . . ABXY ¥ ACYX. 

By 14, aBCx . ABCY . . ABXY v ABYX. 

Suppose ABxyY is false. Then aByx. 

By 12, aBcy . ABYX.2.Bcyx. By G, aBCX.). BCXA. 
By 12, Bcyx . BCXA.9.cyxa. By G, acyx. 
Therefore ABXY v ACYX. 


THEOREM 17. 4. Proof of 17 from G, 12, 15. 


To prove: ABCX . ABCY .D . ABXY ¥ ACYX. 

By 15, aBCX. ABCY .D . ACXY ¥ ACYX. 

Suppose acyX is false. Hence acxy. By G, cxya. 
By G, aBCX .D . CXAB. 

By 12, cxya.cCXaAB.9.xyaB. By G, aBxy. 
Therefore ABXY v ACYX. 


THEOREM 17. 5. Proof of 17 from G, 12, 16. 


To prove: ABCX . ABCY . 2 . ABXY ¥ ACYX. 

By 16, aBcx . ABCY .D.. BCxy¥ BCYX. By G, aBcx .D. BCXA. 

If Bcyx is true, then by 12, Bcyx . BCXA. 5D. cyxa, whence by G, acyx. 
By G, aBcy .D. BCYA. 
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If Bcxy is true, then by 12, BCXy . BCYA.2. CXYA. 
By G, ABCX .D . CXAB. 

By 12, cxya.cxaB.2.xyaB. By G, xyaB.2. ABxy. 
Therefore ABXY v ACYX. 












THEOREM 17. 6. Proof of 17 from G, 12, 18. 


To prove: ABCX . ABCY . 2 . ABXY v ACYX. 

Suppose ABXyY is false. By G, aBcx .5. BCXA. 

By 18, aBcx . ABCY .D . aBXy» BCYX. Hence Bcyx. 
By 12, Bcyx . BCXA.9.cyxa. By G, acyx. 
Therefore ABXY ¥ ACYX. 






















THEOREM 17.7. Proof of 17 from G, 12, 19. 

To prove: ABCX . ABCY .D . ABXY ¥ ACYX. 

Suppose acyx is false. 

By 19, aBcy . ABCX.D.acyx~» BCXy. Hence Bcxy. 
By G, apcy. D.Bcya. By G, aBcx .D. CXAB. 

By 12, Bcxy . BCYA.5. CXYA. 

By 12, cxya.cxaB.9.xyaB. By G, aBxy. 
Therefore aBxy v ACYX. 


THEOREM 17.8. Proof of 17 from G, 10, 13. 


This theorem follows from Theorem 17. 2 by aid of Theorem 12. 2. 


THEOREM 17.9. Proof of 17 from 13, 14. 
To prove: ABCX . ABCY .D . ABXY ¥ ACYX. 
By 14, aBCcxX . ABCY .D .. ABXY ¥ ABYX. 

If apyx, then by 13, aBcy . ABYX .D. ACYX. 
Therefore ABXY ¥ ACYX. 


D. 


a 


THEOREM 17. 10. Proof of 17 from G, 13, 


THEOREM 17. 11. Proof of 17 from G, 13, 16. 


THEOREM 17.12. Proof of 17 from G, 13, 18. 


THEOREM 17.13. Proof of 17 from G, 13, 19. 


These four theorems follow from Theorems 17. 4-17. 7 by aid of 
Theorem 12. 2. 
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THEOREM 17. 14. Proof of 17 from G, 11, 15. 


To prove: ABCX . ABCY . . ABXY ¥ ACYX. 

Suppose Acyx is false. By G, aBcy .5. YABC. 

By 15, aBCX . ABCY .D . acxyv acyx. Hence acxy. By G, yacx. 
By 11, yaBc .. yacx .D.YaBx. By G, AaBxy. 

Therefore ABXY v ACYX. 


THEOREM 17.15. Proof of 17 from G, 10, 11, 14. 


To prove: ABCX . ABCY .D . ABXY ¥ ACYX. 

By G, aBCY . . BCYA. 

By 14, aBcx . ABCY .D . ABXYY ABYX. By G, ABXY v YXAB. 

By 10, BcyA.X.D.Bxyav Boyx. By G, aBxy v YXBC. 

Suppose ABxy is false. By 11, yxaB.yxBc.93.yxac. By G, acyx. 
Therefore ABXY ¥ ACYX. 


THEOREM 17. 16. Proof of 17 from G, 11, 14, 18. 


To prove: ABCX . ABCY .D . ABXY ¥ ACYX.. 

Suppose ABxY is false. 

By 14, aBcx . aBCY .D. ABXxyv ABYX. Hence aByx. By G, YXap. 
By 18, aBcx . ABCY .D . ABxy» BCYX. Hence Bcyx. By G, YxBc. 
By 11, yxaB. yxBc.9.yxac. By G, acyx. 

Therefore ABXY v ACYX. 


THEOREM 17.17. Proof of 17 from G, 11, 14, 19. 


To prove: ABCX . ABCY . . ABXY ¥ ACYX. 

Suppose ABXyY is false. By G, aBCcY . >. YABC. 

By 14, aBcx . ABCY .D.AaBXyv ABYX. Hence aByx. By G, YXAB. 
By 19, aBcx . ABCY.D.acxyy BcYx. By G, YACX ¥ YXBC. 


Case 1. If yacx, by 11, yaBc. YaAcx.9.yaBx. By G, apxy, which 
is false. 


Case 2. If yxsc, by 11, yxaB.yxBc.9.yxac. By G, acyx. 
Therefore ABXY ¥ ACYX. 


THEOREM 17.18. Proof of 17 from G, H, 14, 15. 


To prove: ABCX . ABCY .D . ABXY ¥ ACYX. 
Suppose ABXY = 0 and acyx = 0. By G, aBcx.3. XaBe, 
By 14, aBcx. ABCY .D. ABXY¥ ABYX. Hence aByx. By G, XaBy. 
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By 15, ABCX . ABCY.D. acxy¥ acyx. Hence acxy. By G, cxya. 
By 14, xaBc .. XABY.D.xacy~v xayc. By G, acyx v cxay. 

But acyx = 0; and cxay. vs. cxya, by H. 

Therefore ABXY v ACYX. 


THEOREM 17.19. Proof of 17 from G, H, 15, 16. 


To prove: ABCX . ABCY . D . ABXY v ACYX. 

Suppose ABXY = O and acyx = Oo. By G, xyaB = 0 and CYXA = oO. 
By 15, aBcx . ABCY. 9. acxy» acyx. Hence acxy. By G, cxya. 
By 16, ABCX . ABCY . D . BCXY v BCYX. 


Case 1. Suppose scxy. By G, cxys. By G, xyBc. 

By G, apcy.2.Bcya. By G, aBcy. 2. CYAB. 

By 16, cxyB.cxya.2.xXYBA’ XYAB. Hence xyYBA. 

By 16, xyBc .xYBaA.2.YBCAY YBAC. By G, BCAYY CYBA. 
But Bcay . vs . Bcya, by H; and cyBa. vs. cyaB, by H. 


Case 2. Suppose scyx. By G, apcy.2.scya. By G, cyas. 
By G, ABCX . 5. BCXA. 

By 16, Bcyx . BCYA. 2.cyxavcyax. Hence cyax. 

By 15, cyax . CYAB.9D.CAXBY CABX. By G, BCAX ¥ ABXC. 
But Bcax . vs. BCXA by H; and aBxc vs. apex, by H. 
Therefore ABXY v¥ ACYX. 


THEOREM 17. 20. Proof of 17 from G, H, 18. 


To prove: ABCX . ABCY . 2 . ABXY ¥ ACYX. 
Suppose ABXY is false. By G, aBcy.5.Bcya. By G, aBcx .D. BCXA. 
By 18, aBcx . ABCY .D . ABXY » BCYx. Hence BCyx. 
By 18, BCYA . BCYX .D . BCAX ¥ CYXA. 

But BcAX.vs.BCxA. Hence cyxa. By G, acyx. 
Therefore ABXY v ACYX. 


THEOREM 17. 21. Proof of 17 from G, H, 19. 


To prove: ABCX . ABCY .D . ABXY v ACYX. 

Suppose ABXY = 0 and acyx = o. By G, Bxya = 0. 

By G, aBcx ..2.Bcxa. By G, cxasB. By G, aBcy . 5. BCYA. 

By 19, aBcy . ABCX ..D .acyx~» BCXxy. Hence Bcxy. By G, xyBc. 
By 19, Bcxy . BCXA.9. Bxyavcxay. Hence cxay. By G, xayc. 
By 19, cXaB.CXAY.2.CABYY XAYB. By G, ABYC ¥ XAYB. 

But aByc. vs. aBcy, by H. Hence xays. 
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By 19, xayc . XAYB.93.xycBvaysBe. By G, xycBy BCay. 


But xycB. vs . xyBc, by H; and Bcay. vs. Bcya, by H. 
Therefore ABXY v ACYX. 


THEOREM 17. 22. Proof of 17 from H, 10, 14. 


To prove: ABCX . ABCY .D . ABXY ¥ ACYX. 

Suppose ABxy is false. 

By 14, aBcx . ABCY .D . ABXY¥ ABYX. Hence AByx. 
By 10, AaBYX ..C.5. ACYX v ABYC. 

But aByc. vs. aBcy, by H. Hence acyx. 

Therefore aBXY v ACYX. 


THEOREM 17. 23. Proof of 17 from H, 10, 18. 


To prove: ABCX . ABCY .D . ABXY v ACYX. 

Suppose ABxy is false. 

By 18, aBcx . ABCY .D . ABXY» BCYX. Hence Bcyx. 
By 18, aBCY . ABCX .D . ABYX ¥ BCXY. 

But Bcxy . vs. Bcyx, by H. Hence apyx.. 

By 10, aByx.c.5. ACYX ¥ ABYC. 

But ABYC. vs. aBcy, by H. Hence acyx. 
Therefore aBXY v ACYX. 


THEOREM 17. 24. Proof of 17 from H, 18, 19. 


To prove: ABCX . ABCY . . ABXY ¥ ACYX. 

Suppose both aBxy and acyx are false. 

By 18, aBcx . ABCY .D . ABXY¥ BCYX. Hence BCYx. 
By 19, aBcy . ABCX.D.acyx» BCxy. Hence Bcxy. 
But Bcxy . vs . BCYx by H. 

Therefore ABXY ¥ ACYX. 


THEOREM 17. 25. Proof of 17 from H, 13, 18. 


To prove: ABCX . ABCY .D . ABXY v ACYX. 

Suppose ABXyY is false. 

By 18, aBcx . ABCY .D.ABXy» BCYX. Hence Bcyx. 
By 18, aBCY . ABCX .D . ABYX ¥ BCXY. 

But Bcxy . vs. BCYXx, by H. Hence apyx. 

By 13, aBcy . ABYX . 2. ACYX. 

Therefore ABXY ¥ ACYX. 
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THEOREM 17. 26. Proof of 17 from H, 12, 14, 19. 


To prove: ABCX . ABCY .D . ABXY ¥ ACYX. 

Suppose both aBxy and acyx are false. 

By 14, aBcx . aBCY .D. ABXY¥ ABYX. Hence AaByx. 

By 19, aBcy . ABCX..D.acyx» BCXy. Hence Bcxy. 

By 12, ancy. ABYX.5.Bcyx. But Bcyx. vs. Bcxy, by H. 
Therefore ABXY v ACYX. 


THEOREM 17. 27. Proof of 17 from R, G, 19. 


To prove: ABCX . ABCY .D . ABXY v ACYX. 

By R, G, aBcx .5.cBax. By R, G, aBcy.5. cBay. 

By 19, cBAX . CBAY .D . CAXY v BAYX. 

But if caxy, by R, G, acyx; and if Bayx, by R, G, aBxy. 
Therefore ABXY v ACYX. 


THEOREM 17. 28. Proof of 17 from R, G, 11, 14. 


Proof: 15 from R, G, 11, 14, by Theorem 15. 25; then 17 from G, 11, 
15 by Theorem 17. 4. 


THEOREM 17. 29. Proof of 17 from R, G, 11, 16. 


Proof: 15 from R, G, 11, 16 by Theorem 15. 16; then 17 from G, 11, 15 
by Theorem 17. 14. 


THEOREM 17. 30. Proof of 17 from R, G, H, 14. 


Proof: 15 from R, G, H, 14 by Theorem 15. 33; then 17 from G, H, 14, 
15 by Theorem 17. 18. 


THEOREM 17. 31. Proof of 17 from R, G, H, 16. 


Proof: 15 from R, G, H, 16 by Theorem 15. 34; then 17 from G, H, 15, 
16 by Theorem 17. 19. 


THEOREM 17. 32. Proof of 17 from R, F, G, 12. 

Proof: 15 from R, F', G, 12 by Theorem 15. 35; then 17 from G, 12, 15 
by Theorem 17. 4. 

THEOREM 17. 33. Proof of 17 from R, F, G, 13. 


Proof: 12 from G, 13 by Theorem 12. 2; then 17 from R, F, G, 12 by 
Theorem 17. 32. 
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THEOREM 17. 34. Proof of 17 from R, H, 11, 18. 


To prove: ABCX . ABCY . . ABXY v ACYX. 

Suppose ABXY = 0. 

By 18, aBcx . ABCY .D . ABxy» BCYX. Hence Bcyx. By R, xycs. 

By 18, aBcy . ABCX.9.ABYX» BCXY. But BCxy. vs. Bcyx, by H. 
Hence aByx. By R, xyBa. 

By 11, xycB.xyBa.9.xyca. By R, acyx. 

Therefore ABXY ¥ ACYX. 


THEOREM 17. 35. Proof of 17 from R, 11, 12, 14. 


To prove: ABCX . ABCY . . ABXY ¥ ACYX. 

Suppose ABXY = 0. 

By 14, aBcx . ABCY.2 . ABXy¥ ABYX. Then aByx. By R, xyBa. 
By 12, aBcy . aBYxX.2.Bcyx. By R, xycs. 

By 11, xycB.xyBa.9.xyca. By R, acyx. 

Therefore ABXY ¥ ACYX. 


THEOREM 17. 36. Proof of 17 from R, 11, 14, 18. 


To prove: ABCX . ABCY .D . ABXY v ACYX. 

Suppose ABXY = 0. 

By 14, aBcx . AaBCY.D. ABXY¥ ABYX. Then aByx. By R, xyBa. 
By 18, aBcx . ABCY.D . ABXY¥ BCYX. Then Bcyx. By R, xycs. 
By 11, xycB.xyBa.9.xyca. By R, acyx. 

Therefore ABXY ¥ ACYX. 


THEOREM 17. 37. Proof of 17 from R, 10, 11, 13, 15, 18. 


To prove: ABCX . ABCY . . ABXY ¥ ACYX. 

Suppose ABXY = 0 and acyx = 0. By R, yxBa = 0 and xyca = 0. 
By 15, aBcx.. aBcy .D.acxyyv acyx. Then acxy. By R, yxca. 
By 18, aBcx . ABCY .D . ABXY¥ BCcYX. Then Bcyx. By R, xycs. 
Now aByx = 0 (for if not, by 13, aBcy . ABYX .D. Acyx). 

By 18, aBcy . AaBCX.9.ABYX¥ BCXY. Then Bcxy. By R, yxcp. 
By 18, yxcB. yxca.3.YxBA¥ xcaB. Then xcas. By R, Bacx. 
By 10, acxy.B.9.aBxyyv acxB. Then acxs. By R, Bxca. 

By 10, xycB.a.93.xacpy xyca. Then xacs. By R, Bcax. 

By R, aBcy . 2. YcBA. 

By 10, ycBa.x.9.yYxXBAY YcBx. Then YcBx. 

By 11, Bcax. Bcxy.D.Bcay. By R, Yacs. 

By 13, BCAX . BCXY. 9. BAXY. 
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By 11, BAacx.. BAxY.2.Bacy. By R, Ycas. 

By 13, YCAB. YCBX .D . YABX. 

By 11, YAcB. YABX . . YACX. 

Now ycxs = o (for if not, by 13, ycxp.ycBA.3.yxBa). By R, 
BXCY = 0. 

By 10, Bxca.Y.2.Bycay Bxcy. Then Byca. By R, acys. 

By 18, yacx . YACB.D . YAXB ¥ ACBX. 

But if yaxs, then by R, Bxay, and by 11, Bxca. BXAY.). BXCY, 
which is false, and if acBx, then by 11, acyB. ACBX .. ACYX, 
which is false. 

Therefore ABXY v ACYX. 


THEOREM 17. 38. Proof of 17 from R, 10, 11, 12, 15, 18. 


Proof: 13 from R, 11, 12, by Theorem 13. 12; then 17 from R, 10, 11, 
13, 15, 18, by Theorem 17. 37. 


THEOREM 17. 39. Proof of 17 from R, 10, 12, 13, 15, 18. 


Proof: 11 from R, 12, 13, by Theorem 11. 4; then 17 from R, 10, 11, 13, 
15, 18, by Theorem 17. 37. 


TuHrrtTy-ONE Proors oF PosTuLatE 18. 
THEOREM 18. 1. Proof of 18 from G, 10. 


To prove: ABCX . ABCY . . ABXY ¥ BCYX. 
By G, aBCY . ©. BCYA. 

By 10, BcyA.X.29. BXYAY BCYX. 

Hence by G, ABXyY v BCYX. 


THEOREM 18. 2. Proof of 18 from 12, 14. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 

Suppose ABXyY is false. 

By 14, aBcx . ABCY.D . ABXY ¥ ABYX. Hence aByx. 
By 12, aBcy . ABYX .. BCYX. 

Therefore aBxy v BCYX. 


THEOREM 18. 3. Proof of 18 from G, 12, 15. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 
By G, aBpcx .D.cxas. By G, aBcy.3. CYAB. 
By 15, aBcx . aBcYy .9.acxyv acyx. By G, cXYav CYXa. 
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Case 1. If cxya, by 12, cxya.cxaB.5.xyas. By G, apxy. 


Case 2. If cyxa, by 12, cyxa.cyaB.3.yYxaB. By G, aByx. 
By 12, aBcy . ABYX .> . BCYX. 
Therefore ABXY ¥ BCYX. 


THEOREM 18. 4. Proof of 18 from G, 12, 16. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 

Suppose BcyxX is false. 

By 16, aBcx . ABCY .D. BCXy » BCYX. Hence Bcxy. 
By G, aBcy.2.Bcya. By G, aBcx.5. CXAB. 

By 12, BCxy . BCYA. 5. CXYA. 

By 12, cxya.cxaB.2.xyaB. By G, AaBxy. 
Therefore aABXY v BCYX. 


THEOREM 18. 5. Proof of 18 from G, 12, 17. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 

Suppose ABXyY is false. 

By 17, aBCX . ABCY .D.ABXY¥ ACYX. Hence acyx. By G, cyxa. 
By G, ABCY . 5 . CYAB. 

By 12, cyxa.cYaAB.2.yYXAB. By G, aByx. 

By 12, aBcy . ABYX . 9. BCYX. 

Therefore ABXY v BCYX. 


THEOREM 18. 6. Proof of 18 from G, 12, 19. 

To prove: ABCX . ABCY . . ABXY ¥ BCYX. 

Suppose BCyYX is false. By G, aBcx .D. CXAB. 

By 19, aBcx . ABCY .D . acxy» Bcyx. Hence acxy. By G, cxya. 
By 12, cxya.cxaB.9.xyaB. By G, ABxy. 

Therefore ABXY v BCYX. 

THEOREM 18.7. Proof of 18 from G, 13, 14. 

THEOREM 18. 8. Proof of 18 from G, 13, 15. 

THEOREM 18. 9. Proof of 18 from G, 13, 16. 


THEOREM 18. 10. Proof of 18 from G, 13, 17. 
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THEOREM 18. 11. Proof of 18 from G, 13, 19. 


These five theorems follow from Theorems 18. 2 to 18. 6, by aid of 
Theorem 12. 2. 


THEOREM 18. 12. Proof of 18 from G, 11, 15. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 
By 15, aBCX . ABCY .D .. ACXY v ACYX. 


Case 1. If acxy, by G, yacx. By G, aBcy .5. YABC. 
By 11, yaBc . yacx .D.yYaABx. By G, apxy. 


Case 2. If acyx, by G, cyxa. By G, aBcy .5. CYAB. 
By 11, cyxa.cyaB.2.cyxs. By G, Bcyx. 
Therefore ABXY v BCYX. 


THEOREM 18. 13. Proof of 18 from G, 11, 17. 


To prove: ABCX . ABCY . . ABXY v BCYX. 

Suppose ABXy is false. By G, aBcy .D. CYAB. 

By 17, aBcx . ABCY.D. ABXy¥ acyx. Hence acyx. By G, cyxa. 
By 11, cyxa.cyaB.3.cyxs. By G, Bcyx. 

Therefore aBXY v BCYX. 


THEOREM 18. 14. Proof of 18 from G, 11, 19. 


To prove: ABCX . ABCY . . ABXY v BCYX. 

Suppose BcyxX is false. By G, aBcy .5. YABC. 

By 19, aBcx . ABCY.D .acxy» Bcyx. Hence acxy. By G, Yacx. 
By 11, yaBc. yacx .D.yasBx. By G, aBxy. 

Therefore ABXY v BCYX. 


THEOREM 18. 15. Proof of 18 from G, H, 14, 15. 


To prove: ABCX . ABCY . . ABXY v BCYX. 

Suppose ABXY = 0 and BcYyx = Oo. By G, aBcy.. YABC. 

By 14, aBcx . ABCY ..D . ABXY¥ ABYX. Hence aByx. By G, XABY. 
By G, aBcx .D . XABC. 

By 14, xaBy . XABC.9.xaycv xacy. By G, cxay vy acyx. 

By 15, aBcx . ABCY.D. acxyv acyx. By G, cxyay Acyx. 

Now if acyx = 0, then cxay and cxya, which is impossible, by H. 
Hence acyx. By G, yxac. By G, aByx .D . YXAB. 

By 14, yxaB.yxac.29.yxspcv yxcs. By G, Bcyx v BYXc. 

But pcyx = 0. Hence Byxc. By G, aByx.5. BYXA. 
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By 14, Byxc . BYXA.9.BycAyv Byac. By G, ABYC ¥ YACB. 
But aByc. vs. aBcy, by H; and yacs. vs. yasc, by H. 
Therefore ABXY v BCYX. 


THEOREM 18. 16. Proof of 18 from G, H, 15, 16. 


To prove: ABCX . ABCY . . ABXY v BCYX. 

Suppose ABXY = O and BCYXx = O. 

By 16, ABCX . ABCY .D. BCxy» BCYX. Hence Bcxy. 

By G, aBCX . . BCXA. 

By 16, Bcxy . BCXA.9.cxyavcxay. By G, acxy v xayc. 
By 15, aBcx . ABCY.D. acxyyv acyx. By G, acxy v xacy. 
Now if acxy = 0, then xayc and xacy, which is impossible, by H. 
Hence acxy. By G, cxya. By G, Bcxy.5. cxys. 

By 16, cxyA.CXYB.2.xXYABY XYBA. By G, ABXY v XYBA. 
But aBxy = 0. Hence xyBa. By G, Bcxy .5. xyBc. 

By G, aBcx .3.cxaB. By G, aBcx . 5. BCAX. 

By 15, XYBA.xXYBC.9.xBacy xBca. By G, CXBAy BCAX. 
But CXBA . vs . CXAB, by H, and Bcax. vs. Bcxa, by H. 
Therefore ABXY v BCYX. 


THEOREM 18.17. Proof of 18 from G, H, 17. 
To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 


Suppose ABxy is false. By G, aBcy .D. YABC. 

By 17, AaBCX . ABCY .D. ABXy¥v AcYx. Hence acyx. By G, yxac. 
By 17, ABCY . ABCX .D . ABYX ¥ ACXY. 

But acxy. vs. acyx, by H. Hence asyx. By G, yxas. 

By 17, YXAB. YXAC .2 . YXBC ¥ YACB. 

But yacB. vs. yasBc, by H. Hence yxsc. By G, Bcyx. 
Therefore ABXY v BCYX. 


THEOREM 18. 18. Proof of 18 from G, H, 19. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 

Suppose BCyYxX is false. By G, aBCY . >. CYAB. 

By 19, aBcx. ABCY.9.acxy» Bcyx. Hence acxy. By G, cxya. 
By 19, aBcy . ABCX .D . ACYX v BCXY. 

But acyx. vs. acxy, by H. Hence Bcxy. By G, cxys. 

By 19, cXYB . CXYA.5 . CYBA¥ XYAB. 

But cyBA.vs.cyaB, by H. Hence xyaB. By G, apxy. 

Therefore ABXY ¥ BCYX. 
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THEOREM 18. 19. Proof of 18 from H, 10, 14, 19. 


To prove: ABCX . ABCY .D . ABXY v BCYX. 

Suppose ABXY = 0 and BCYX = O. 

By 14, aBcx . aBCY .D . ABXY¥ ABYX. Hence AByx. 
By 19, aBcx . ABCY .D . acxy » Bcyx. Hence acxy. 

By 10, aByx.c.5. acyx v ABYC. 

But acyx . vs. acxy, by H; and aByc. vs. ascy, by H. 
Therefore ABXY v BCYX. 


THEOREM 18. 20. Proof of 18 from H, 13, 14, 19. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 

Suppose ABXY = O and BCYX = O. 

By 14, aBcx . ABCY.D. ABXYY ABYX. Hence aByx. 

By 19, aBcx . aBCY.D.acxy» Bcyx. Hence acxy. 

By 13, aBcy . ABYX.5D.acyx. But acyx. vs. ACXY. 
Therefore ABXY ¥ BCYX. 


THEOREM 18. 21. Proof of 18 from H, 17, 19. 


To prove: ABCX . ABCY .D . ABXY v BCYX. 

Suppose ABXY = O and BCYX = Oo. 

By 17, aBCxX . ABCY .D . ABXY¥ ACYX. Hence acyx. 
By 19, aBcx . aBCY ..D. acxy» BCcYx. Hence acxy. 
But acyx . vs. acxy, by H. 

Therefore aBXY v BCYX. 


THEOREM 18. 22. Proof of 18 from H, 12, 17. 

To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 

Suppose ABxy is false. 

By 17, aBcx . ABCY ..D . ABXY¥ ACYX. Hence Acyx. 

By 17, aBcy . ABCX.D.aByxv Aacxy. But acxy. vs. acyx, by H. 
Hence aByx. By 12, aBcy. AaBYX.5. BCYX. 

Therefore aBxy v BCYX. 


THEOREM 18. 23. Proof of 18 from R, G, 11, 14. 
THEOREM 18. 24. Proof of 18 from R, G, 11, 16. 


THEOREM 18. 25. Proof of 18 from R, G, H, 14. 
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THEOREM 18. 26. Proof of 18 from R, G, H, 16. 
THEOREM 18. 27. Proof of 18 from R, F, G, 12. 


THEOREM 18. 28. Proof of 18 from R, F, G, 13. 


These six theorems follow from Theorems 15. 25 to 15. 26 and 15. 33 
to 15. 36 (which give Postulate 15), by the aid of Theorem 18. 12. 


THEOREM 18. 29. Proof of 18 from R, 10, 13, 14, 19. 


To prove: ABCX . ABCY . . ABXY ¥ BCYX. 

Suppose ABXY = 0 and Bcyx = Oo. By R, xycB = o. 

By 14, aBcx . ABCY D ABXY ¥ ABYX. Hence ABYX. 

By 19, aBcx . ABCY.D. acxy» BCYx. Hence acxy. 

By 13, aBcy . AaByYx.3.acyx. By R, xyca. 

By 10, xyca.B.3.xsBcav xycsB. Hence xpca. By R, acpx. 
By 13, acBx . acxy .9 . ABxy, which is false. 

Therefore ABXY v BCYX. 


THEOREM 18. 30. Proof of 18 from R, 10, 12, 17. 


To prove: ABCX . ABCY . . ABXY v BCYX. 

In view of Theorem 11. 6, Theorem 16. 31, and Theorem 19. 6, we may 
make use of Postulates 11, 16, and 19, as well as R, 10, 12, 17, in 
this proof. 

Suppose ABXY = O and Bcyx = o. By R, yxBa = 0 and xyYcB = oO. 

By 17, ABCX . ABCY. 9. ABXY¥ ACYX. Hence acyx. By R, xyca. 

By 19, aBcx . ABCY .D. acxy~ Bcyx. Hence acxy. By R, yxca. 

By 10, xyca.B.9.xBca » xycs. Hence xsca. By R, acpx. 

By 11, acBx . ACXY . . ACBY. 

By 16, acBx . acBY ..2.cBxy~vcByx. By R, yxpc v xyBc. 

But if yxspc, then by 11, yxBc.yxca.3.yxBa, which is false. 
Hence xyYBc. 

By 11, xyspc.xyca.3.xyBa. By R, aByx. 

By 12, aBcy . ABYX .D . BcYX, which is false. 

Therefore ABXY v BCYX. 


THEOREM 18. 31. Proof of 18 from R, 10, 13, 17, 19. 


To prove: ABCX . ABCY .D . ABXY ¥ BCYX. 
Suppose ABXY = 0 and BCYX = 0. 
By R, xycs = o. 
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By 17, ABCX . ABCY .D .. ABXY¥ AcyxX. But aBxy = 0. Hence acyx. 
By R, xyca. 

By 10, xyca.B.95.xBcavxycB. But xycB = 0. Hence xBca. 
By R, AacBx. 

By 13, if acxy, then acBx. acxy.2.aBxy, which = 0. Hence 
ACXY = 0. 

By 19, aBcx . ABCY .D. acxy vy Bcyx. But acxy = 0 and Bcyx = o. 

Hence the supposition is false. Therefore ABxXy v BCYX. 


Forty Proors oF POSTULATE 19. 
THEOREM 19.1. Proof of 19 from G, H, 10. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 

Suppose BcyxX is false. By G, aBcy . 5. BCYA. 

By 10, BcyA.X.2.BxYA’ BCYX. Hence Bxya. By G, AaBxy. 
By 10, aBXY.C.2. ACXY v ABXC. 

But aBxc . vs. ABCX, by H. Hence acxy. 

Therefore AcCXY v BCYX. 


THEOREM 19. 2. Proof of 19 from G, 10, 12. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 

By G, aBcx .3.Bcxa. By G, aBcy.5. BCYA. 

By 10, BCXA.Y.9.BYXAY BCXY. By G, ABYX ¥ BCXY. 
If aByx, then by 12, aBcy . ABYX .D. BCYX. 

If pcxy, then by 12, Bcxy . BcYA.9.cxya. By G, acxy. 
Therefore ACxY v BCYX. 


THEOREM 19. 3. Proof of 19 from G, 12, 14. 

To prove: ABCX . ABCY .D . ACXY v BCYX. 

By G, aBCY .2 . BCYA. 

By 14, aBcx . ABCY .D . ABXY ¥ ABYX. 

Case 1. If aBxy, by 12, aBCX . ABXY .D. BCXY. 
By 12, Bcxy . BcyaA.3.cxya. By G, acxy. 
Case 2. If apyx, by 12, aBcy . ABYX .D. BCYX. 
Therefore acxy v BCYX. 


THEOREM 19. 4. Proof of 19 from G, 12, 15. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 
Suppose acxy is false. By G, aBcy. 3. CYAB. 
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By 15, ABCX . ABCY.D.acxyyv acyx. Hence acyx. By G, cyxa. 
By 12, cyxa.cyaB.5D.yxaB. By G, aByx. 

By 12, aBcy . ABYX .D . BCYX. 

Therefore ACXY v BCYX. 


THEOREM 19. 5. Proof of 19 from G, 12, 16. 


To prove: ABCX . ABCY . . ACXY v BCYX. 

Suppose BCYX is false. By G, aBcy .5. BCYA. 

By 16, aBcx . ABCY.D. BCXy » BCYx. Hence BCxyY. 
By 12, Bcxy . BcYA.9.cxya. By G, acxy. 
Therefore ACXY v BCYX. 


THEOREM 19. 6. Proof of 19 from 12, 17. 


To prove: ABCX . ABCY .D . ACXY ¥ BCYX. 
By 17, ABCY . ABCX .D .. ABYX v ACXY. 

If aByx, by 12, aBcY . ABYX .D. BCYX. 
Therefore ACXY v BCYX. 


THEOREM 19. 7. Proof of 19 from G, 12, 18. 


To prove: ABCX . ABCY . . ACXY v BCYX. 

By G, ABCY . ©. BCYA. 

By 18, ABCY . ABCX . . ABYX v BCXY. 

If anyx, then by 12, aBcy . ABYX .D. BCYX. 

If pcxy, then by 12, Bcxy . BcyA.9.cxya. By G, acxy. 
Therefore ACXY v BCYX. 


THEOREM 19.8. Proof of 19 from G, 10, 13. 
THEOREM 19.9. Proof of 19 from G, 13, 14. 
THEOREM 19. 10. Proof of 19 from G, 13, 15. 
THEOREM 19. 11. Proof of 19 from G, 13, 16. 
THEOREM 19. 12. Proof of 19 from G, 13, 17. 


These five theorems follow from Theorems 19. 2 to 19. 6 by aid of 
Theorem 12. 2. 
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THEOREM 19. 13. Proof of 19 from 13, 18. 


To prove: ABCX . ABCY .D. ACXY v BCYX. 
By 13, aBCX . ABCY .D . ABXY v BCYX. 

If aBxy, then by 13, aBcx . ABXY .D. ACXY. 
Therefore ACXY v BCYX. 


THEOREM 19. 14. Proof of 19 from G, 11, 15. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 

Suppose acxy is false. By G, aBcy .5. CYAB. 

By 15, aBcx . ABCY.D.acxy» acyx. Hence acyx. By G, cyxa. 
By 11, cyxa.cyaB.2.cyxs. By G, Bcyx. 

Therefore Aacxy v BCYX. 


THEOREM 19. 15. Proof of 19 from G, 10, 11, 16. 


To prove: ABCX . ABCY .D. ACXY v BCYX. 

Suppose BcyYx is false. By G, aBcy . 5. BCYA. 

By 16, aBcx . ABCY .D . Bcxy » BCYx. Hence Bcxy. By G, xysc. 
By 10, BcyaA. xX .5.Bxyawv Bcyx. Hence Bxya. By G, xvas. 
By 11, xyaB.xyBc.9.xyac. By G, acxy. 

Therefore acxy v BCYX. 


THEOREM 19. 16. Proof of 19 from G, 11, 16, 17. 

To prove: ABCX . ABCY .D . ACXY v BCYX. 

Suppose acxy = 0, and Bcyx = o. By G, aBcy.5. CYAB. 

By 16, aBcx . ABCY .D. BCxy» BcYyx. Hence Bcxy. By G, xysc. 
By 17, aBcx . ABCY.D. ABxyv acyx. By G, xYABv CYXA. 


Case 1. If xvas, by 11, xyaB.xyBc.3.xyac. By G, acxy. 


Case 2. If cyxa, by 11, cyxa.cyaB.3.cyxs. By G, Bcyx. 
Therefore Acxy v BCYX. 


THEOREM 19.17. Proof of 19 from G, 11, 16, 18. 

To prove: ABCX . ABCY .D .. ACXY v BCYX. 

Suppose Bcyx = 0. By 16, aBcx. aBcY.2.BCXY» BCYx. Hence 
Bcxy. By G, xyBc. 

By 18, aBcx . ABCY.D. AaBXY¥ BCYX. Hence aBxy. By G, xyas. 

By 11, xyaB.xyBc.9.xyac. By G, acxy. 

Therefore acxy v BCYX. 
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THEOREM 19. 18. Proof of 19 from G, H, 14, 15. 


To prove: ABCX . ABCY . . ACXY v BCYX. 

Suppose aCcXY = 0 and Bcyx = o. By G, aBcy. 5. YABC. 
By 15, aBcx .. ABCY ..D.acxyv acyx. Hence acyx. 

By G, cyxa. By G, yxac. 

By 14, aBcx . ABCY.D . aABXY¥ ABYX. By G, YABX v YXAB. 


Case 1. Suppose yaBx. By 14, yaBx . YABC .5 . YAXC ¥ YACX. 
By G, cyaxv acxy. But cyax. vs. cyxa by H; and acxy = o. 


Case 2. Suppose yxaB. By 14, yXaB.YXAC.29 .YXBC ¥ YXCB. 
By G, Bcyx» Byxc. But Bcyx = 0. Hence Byxc. 

By G, yxaB.9.Byxa. By G, aBcx.5. XABC. 

By 15, BYxc . BYXA.2.BXCAY BXAc. By G, ABXC ¥ XACB. 
But aBxC .. vs . ABCX, by H; and xacsB. vs. xaBc by H. 
Therefore ACXY v BCYX. 


THEOREM 19.19. Proof of 19 from G, H, 15, 16. 


To prove: ABCX . ABCY .D . ACXY ¥ BCYX. 

Suppose ACXY = 0 and Bcyx = Oo. By G, aBcx .5. BCXA. 

By 15, aBCX . ABCY.D.acxy» acyx. Hence acyx. By G, xacy. 
By 16, aBcx . ABCY. 2. BCXY» BCYx. Hence Bcxy. 

By 16, BcxA . BCXY .D.cxayvcxya. By G, Xayc v acxy. 

But xayc. vs. xacy, by H; and acxy = o. 

Therefore ACXY v BCYX. 


THEOREM 19. 20. Proof of 19 from G, H, 17. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 

Suppose acxy = 0 and Bcyx = o. By G, aBcx.5. XABc. 
By 17, aBcy . ABCX.D.AByx»v acxy. Hence aByx. By G, XxaBy. 
By 17, xaBY . XABC.9D.xaycv xBcy. By G, aycx y Bcyx. 
Hence aycx. By G, cxay. By G, aBcx .5. CXAB. 

By 17, cXay .CXAB.9.cCxyYBy caBy. By G, BCXY v ABYC. 
But aByc. vs. aBcy, by H. Hence sexy. 

By G, aBcx .2.Bcxa. By G, aBcy.5. BCYA. 

By 17, BCXA . BCXY .D . BCAY v BXYA. 

But Bcay . vs. BcyA, by H. Hence spxya. By G, apxy. 
But aBXy. vs . ABYX by H. 

Therefore acxy v BCYX. 
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THEOREM 19. 21. Proof of 19 from G, H, 18. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 
Suppose Bcyx = 0. By G, aBcy .. YABC. 
By 18, aBcx . ABCY.D. aBxy» BCyx. Hence apxy. By G, YABx. 
By 18, YABC . YABX .D . YACX ¥ ABXC. 

But aBxc. vs. aBCX, by H. Hence yacx. By G, acxy. 
Therefore acxy v BCYX. 


THEOREM 19. 22. Proof of 19 from H, 10, 12, 14. 


To prove: ABCX . ABCY .D . ACXY ¥ BCYX. 
By 14, aBCX . ABCY .D . ABXY v ABYX. 


Case 1. If apxy, then by 10, aBxy.c.5. ACXY ¥ ABXC. 
But aBxc. vs. aBcx, by H. Hence acxy. 


Case 2. If aByx, then by 12, aBcy . ABYX .D. BCYX. 
Therefore ACXY v BCYX. 


THEOREM 19. 23. Proof of 19 from H, 10, 18. 


To prove: ABCX . ABCY .D. ACXY ¥ BCYX. 

Suppose BCYX = 0. 

By 18, aBcx . ABCY.D. AaBXxy» BCYX. Hence ABxy. 
By 10, aBXY .C.5. ACXY v ABYC. 

But aByc. vs. aBcy, by H. Hence acxy. 

Therefore ACXY v BCYX. 


THEOREM 19. 24. Proof of 19 from H, 17, 18. 


To prove: ABCX . ABCY .D. ACXY v BCYX. 

Suppose ACXY = O and BCYX = Oo. 

By 18, aBcxX . ABCY .D. ABXy» BCYX. Hence ABxy. 
By 17, aBcy . ABCX.D.ABYxX¥ acxy. Hence aByx. 
But ABXxy . vs . ABYX, by H. 

Therefore aCXY v BCYX. 


THEOREM 19. 25. Proof of 19 from 12, 13, 14. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 
By 14, aBcx . ABCY . . ABXY v ABYX. 

If anxy, then by 13, aBCxX . ABXY .D. ACXY. 
If aByx, then by 12, aBcy . ABYX .D. BCYX. 
Therefore acxy v BCYX. 
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THEOREM 19. 26. Proof of 19 from R, G, 17. 


To prove: ABCX . ABCY . . ACXY v BCYX. 

By R, G, apcx.5.cBax. By R, G, aBcy.5. cBay. 

By 17, cBAX . CBAY.9.cBxy~vcayx. By R, G, Bcyx v acxy. 
Therefore ACXY v BCYX. 


THEOREM 19. 27. Proof of 19 from R, G, 11, 14. 
THEOREM 19. 28. Proof of 19 from R, G, 11, 16. 
THEOREM 19. 29. Proof of 19 from R, G, H, 14. 
THEOREM 19. 30. Proof of 19 from R, G, H, 16. 
THEOREM 19. 31. Proof of 19 from R, F, G, 12. 
THEOREM 19. 32. Proof of 19 from R, F, G, 13. 


These six theorems follow from Theorems 15. 25 to 15. 26 and 15. 33 to 
15. 36 (which give Postulate 15), by the aid of Theorems 19. 14, 
19. 18, 19. 19, 19. 4 and 19. 10. 


THEOREM 19. 33. Proof of 19 from R, H, 11, 18. 


Proof: 13 from R, H, 11, 18, by Theorem 13. 11; then 19 from 13, 18, 
by Theorem 19. 13. 


THEOREM 19. 34. Proof of 19 from R, 11, 12, 14. 


Proof: 17 from R, 11, 12, 14 by Theorem 17. 35; then 19 from 12, 17, 
by Theorem 19. 6. 


THEOREM 19. 35. Proof of 19 from R, 11, 12, 18. 


Proof: 13 from R, 11, 12, by Theorem 13. 12; then 19 from 13, 18, by 
Theorem 19. 13. 


THEOREM 19. 36. Proof of 19 from R, 11, 16, 18. 


To prove: ABCX . ABCY . . ACXY v BCYX. 

Suppose BCYX = 0. 

By 16, AaBCX .. ABCY. 9D. BCXy» BCYX. Hence Bcxy. By R, yxce. 
By 18, aBcx . ABCY. 9. ABXy» BCYX. Hence aBxy. By R, yxBa. 
By 11, yxcB. YxBa.9.yxca. By R, acxy. 

Therefore ACXY v BCYX. 
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THEOREM 19. 37. Proof of 19 from R, H, 10, 12, 16. 


To prove: ABCX . ABCY .D . ACXY v BCYX. 

Suppose acxy = 0 and Bcyx = 0. By R, yxca = 0 and xycB = o. 
By 16, aBcx . ABCY .D. BCxy » Bcyx. Hence Bcxy. By R, yxcp. 
By 10, yxcB.a.23.yacByw yxca. Hence yacs. By R, Bcay. 

By R, aBcx.5.xcsBa. By R, aBcy.5. YcBA. 

Suppose aByx; then, by 13, aBcy . ABYxX . 9D. BCyx. Hence AaByx = o. 
By R, xyBa = o. 

By 10, xcBA.Y.23.xXyYBAY xcBy. Hence xcBy. 

By H, aBcx . ABXC = 0. 

Suppose aBxy; then by 10, aBxy.c.5. ACXY v ABXC. 

Hence aBXxy = 0. 

By R, yxBa = 0. 

By 10, ycBa.xX.93.yYxBav ycsBx. Hence ycsx. By R, xBcy. 

By H, ycBa.vs.ycaB. By R, Bacy = o. 

Suppose XBAc; then by 12, xBac .. xBcy.2.Bacy. Hence xBac = 0. 
By H, Bcay.vs.Bcya. By H, yacB.vs.yaBc. By R, cBay = o. 
Suppose xBYA; then by 12, xBcy . xBya.23.Bcya. Hence xBYA = 0. 
By R, ayBx = o. 

By 16, xcBaA. xcBY.2.cBAy»~cBya. Hence cBya. By R, ayBc. 
By 10, ayBc.x.3.axBC¥ aAYBx. Hence axsc. By R, cBxa. 

By H, yxcp.5.yxspc = o. By R, cBxy = o. 

By 10, cBxa.¥.3.cyxavcsxy. Hence cyxa. By R, axyc. 


Suppose axcB; then by 12, axyc. AaxcB.9.xycB. Hence axcB = o. 
By R, Bcxa = oO. : 

By 10, Bcxy.A.2.BAxy» BCXA. Hence Baxy. By R, YXas. 

By H, cBxa .5. CBAX = O. 

Suppose ycax; then by 12, ycBa. ycax.5.cBAx. Hence ycax = o. 


By R, xacy = o. 

By H, ycBa.5. YCAB = O. 

By 10, yxaB.c.9.ycaBy yxac. Hence yxac. 

By 12, yxac . YXCB. 2. XACB. 

By 10, xacB.y.3.xycpyw xacy. But xacy = 0, and xycB = 0. 
Therefore ACXY v BCYX. 


THEOREM 19. 38. Proof of 19 from R, 10, 12, 15. 


To prove: ABCX . ABCY . . ACXY v BCYX. 
Suppose aCcXy = 0 and Bcyx = o. By R, yxca = 0 and xycB = Oo. 
By 15, aBcx . AaBCY.D.acxy» acyx. Hence acyx. By R, xyca. 

By 10, xyca.B.3.xsBcav xycs. Hence xsca. By R, AacBx. 
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By R, apcx.2.xcsBa. By R, aBcy.5. YcBa. 





Now, ABYX = 0 (for if not, by 12, aBcy. ABYx.5.Bcyx). By R, 
XYBA = O. 

By 10, xcBA.Y.9.xXyBa» xcBy. Hence xcsy. By R, yscx. 

By 10, acyx.B.2.aBYx~ acyB. Hence acyB. By R, Byca. 

Now Byxc = o (for if not, by 12, Byxc.Byca.9D.yxca). By R, 
CXYB = 0. 

By 12, acyB. acBx.2.cyBx. By R, xsyc. 

Case 1. Suppose Bycx. By R, xcys. 

By 12, xcyB.xcBA.2.cyBA. By R, aByc. 

By 10, aByc.x.9.axycv aByx. Hence axyc. By R, cyxa. 

By 12, CYBX . CYXA. 5. YBXA. 

By 12, yBcx . YBxa.9.BcxA. By R, axces. 

By 12, axyc.axcB.9.xycs. But xycs = o. 

Therefore Bycx = 0. By R, xcyB = o. 

By 10, Byca.x.3.Bxcawv Bycx. Hence Bxca. By R, acxs. 

By 10, acxB .Y.5.ayYxBwv acxy. Hence ayxs. By R, Bxya. 

By 12, AcYxX .. ACXB .D . CYXB. 

Now aByc = o (for if not, by 12, anyc. aBcx.5.Bycx). By R, 
CYBA = O. 

By 10, cyBx .A.93.CABXYCYBA. Hence caBx. By R, xBac. 


Case 2. Suppose AcBY. 

By 12, acBy . acyx.2.csByx. By R, xysc. 

By 12, xyspc.xyca.9.ysca. By R, acy. 

By 15, acBx . ACBY.D.ABXY¥ ABYX. Hence ABXY. 

By 10, aBxy.c.9.acxyv aBxc. Hence aBxc. 

By 10, xyBpc.a.5.xaspcv xyBa. Hence xasc. By R, cBax. 
By 12, aBxc . ABCY . . BXCY. 

By 12, Bxcy . BIXYA. 5. XCYA. 

By 12, xcBy . XxcYA.. CBYA. 

By 12, cBya.cBAx. 3. Byax. By R, xays. 

By 10, xayB.c.9.xcyBpy xayc. Hence xayc. By R, cyax. 
By 12, cyax . cYxB.5.yYaAxsB. By R, Bxay. 

By 12, Bxca . BXAY .. XCAY. 

By 12, xcBa.xcay.2.cBay. By R, YaBc. 

By 12, YAXB . YABC.D . AXBC. 


Now CyYXa is 
If cyxa, then by R, axyc, 
and by 12, cYyBx . CYXA.9 . YBXA; 


either true or false. 
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then, by 12, yBcx . YBxA.5. BCxA; then by R, axcs; 

then by 12, axyc . AaXxcCB.2 . xycB, which is false. 

If cyxa = oO, then by R, axyc = 0; 

then by 15, ABXY . ABXC .D. AXYC ¥ AXCY; then axcy; 

whence by R, ycxa; 

then by 12, axBc . axcy .5. xscy; then by R, ycBx; 

then by 12, ycBx . YCXA.5 . CBXA; 

then by 12, cByx . cBxa .D . Byxa; then by R, axys; 

then by 12, axcy . AaxYB .D . xcyB, which is false. 

Therefore acpy = 0. By R, yBca = o. 

By 10, acBx.y.5.acBy» ayBx. Hence aysx. By R, xsya. 

By 10, yBcx.a.9.yacx~ ysBca. Hence yacx. By R, xcay. 

Now xysc = 0 (for if not, by 12, xyBc . xyca.5. YBCA). 

By 12, xcBa . XCAY .2 . CBAY. 

By 12, xpya.xBac.2.Byac. By R, cays. 

By 10, cayB.x.9.cxyBycayx. Hence cayx. 

Now caBy = 0 (for if not, by 12, caBy.cayx.3.aBpyx). By R, 
YBAC. 

Then xcaB = oO (for if not, by 12, xcaB.xcBy.3.caBy). By R, 
BACX = O. 

By 10, xcay.B.9.XBAY’ XCAB. Hence xBay. 

By 12, xpca.xBay.2.Bcay. By R, Yacs. 

By 12, XBAY . XBYC. 2. BAYC. 

Now Bayx = 0 (for if not, by 15, BAYx . BAYC.D . BYXC ¥ BYCX). 


Case 3. Suppose xspcy = o. By R, ycsBx = o. 
By 10, ycBa.xX.2.yYxXBAY yYcBx. Hence yxBa. 
By 15, yacx . YACB. 9D. YCXB¥Y ycBx. Hence ycxs. By R, Bxcy. 
By 12, Bxcy . BXYA.2. XCYA. 

By 12, xcBy . xcya.2.cBya. By R, ayBc. 

By 12, ayxB . AYBC.5 . YXBC. 

By 15, YXBA . YXBC .5 . YBAC ¥ YBCA. 

But yBac = 0 and YBCA = O. 

Therefore xBcy. 

By 12, xBcy . XBYA.. BCYA. 

By 12, XBAC . XBCY.. BACY. 

By 10, Bacy. X.3.Bxcy» BAacx. Hence Bxcy. 


Case 4. Suppose CXAB = O. 
By 10, cyaB.X.23.cxaBycyax. Hence cyax. By R, xayc. 
By 10, ByAC. X.2. BXAC ¥ BYAX. 
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If pyax, then by R, xays; 

then by 15, XAYB . XAYC .D. XYBC ¥ XYCB; 

where XYBC = 0 and XYCB = O. 

Hence BXAc. 

By 12, Bxac.. Bxcy .D. xacy; by R, ycax. 

By 12, ycBaA.ycax.5.cBax. By R, xasc. 

By 10, xaBC.Y.29.xXyYBC¥ XABY. Hence XaBy. 

By 12, xaBy . XAYC .9. ABYC, which is false. 

Therefore, cxaB. By R, BaAxc. 

By 10, BAxc. Y.2.Byxc» BAXxy. Hence Baxy. By R, Yxas. 
By 12, BAXY . BAYC.9. AXYC. 

By 10, axyc.B.9.aByCc¥ axyB. Hence axys. By R, Byxa. 
By 12, Byxa. Byac.9.yxac. By R, caxy. 

By 12, caBY . CAXY .3. ABXY. 

By 12, aBcx . ABXY . 9 . BCXY. 

By 12, BCxy . BCYA. 2. CXYA. 

By 12, cxyaA.CXAB.3.xyaB. By R, Bayx. 
But BAYX = 0. 

Therefore Acxy v BCYX. 


THEOREM 19. 39. Proof of 19 from R, 10, 12, 14. 


Proof: Postulate 15 follows from R, 10, 12, 14, by Theorem 15. 45. 

Then 19 follows from R, 10, 12, 15, by Theorem 19. 38. 

Or thus: Postulate 18 follows from 12 and 14 by Theorem 18. 2. Then 
19 follows from R, 10, 12, 18 by Theorem 19. 40 (below). 


THEOREM 19. 40. Proof of 19 from R, 10, 12, 18. 


To prove: ABCX . ABCY . . ACXY v BCYX. 

Suppose both acxy = 0 and Bcyx = o. By R, yxca = 0, XycB = 0. 

By R, aBcx, XCBA; ABCY, YCBA. 

By 18, aBcx . ABCY .D . ABXY¥ BCYX. But Bcyx = 0. Hence aBxy. 
By R, yxBa. 

By 12, aBcx . aBXY.9.Bcxy. By R, yxcs. 

By 10, yxcB.a.3.yacByyxca. But yxca = 0. Hence YAcs. 
By R, Bcay. 

By 10, aBxy.c.9.acxyv aBxe. But acxy = 0. Hence apxc. 
By R, cxBa. 

By 12, aBxc. aBcy.2.Bxcy. By R, ycxs. 

By 12, if aByx, then aBcy . ABYX .D. BCYX, which = 0. 
Hence aByx = 0. By R, xyBa = 0. 
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By 12, if cxysB, then cxyB . CXBA .D . XYBA, which = o. 
Hence cxyB = 0. By R, Byxc = o. 

By 10, xcBA.yY.93.xyBavxcBy. But xypa=o0. Hence xcsy. 
By R, yBex. 

By 10, BCAY.X.5. BXAY ¥ BCAX. 

By 10, ycxB.A.9.yYAxBv ycxa. By R, BXay v YCXA. 

Hence BXAy v (BCAX . YCXA). 


Supposition 1. Suppose Bxay = o. By R, yaxB = o. 

Then Bcax and ycxa. By R, xacs and axcy. 

By 10; xacB.y.3.xycBpyxacy. But xycB =o. Hence xacy. 
By R, ycax. 

By 12, ycBa . YCAX .D. CBAX. 

By 12, ycax . ycxB.5.caxs. By R, Bxac. 

By 10, Bxac.y.5.Byacy Bxay. But Bxay = 0. Hence BYAc. 
By R, Cay. 

By 18, Bcay . BCAX.D. BCYx¥» caxy. But Bcyx = 0. Hence caxy. 

By 12, caxy.cayB.5.axyB. By R, Byxa. 

By 12, axcY . AXYB. . XCYB. 

By 12, xcyB.xcBa.3.cyBa. By R, aByc. 

By 10, aByc.x.5.axycv aByx. But aByx = 0. Hence axyc. 

By 10, Byxa.c.3.Bcxav Byxc. But Byxc = 0. Hence Bcxa. 
By R, axcs. 

By 12, axyc . AaXxCcB.5. xycB, which = o. 

Hence Supposition 1 is false. Therefore, Bxay, and by R, YAxs. 


Supposition 2. Suppose xcay = 0. By R, yacx = o. 

By 12, if Bxca, then Bxca.Bxay.3.xcay, which = 0. Hence 
BXCA = O. 

By 10, yscx.a.3.yacxyv ysca. But yacx = 0. Hence ysca. By 
R, aAcBy. 

By 12, if ysxc, then yBxc. yBcA.9. Bxca, which = o. Hence 
yBxc = 0. By R, cxBy = o. 

By 10, cxBA.¥.93.cyBavcxsy. But cxspy = 0. Hence CyYBa. 
By R, aByc. 

By 12, ABXY . ABYC. . BXYC. 

By 12, Bxay. Bxyc.9.xayc. By R, cyax. 

By 12, cYBA.CYAX.5. YBAX. 

By 10, apyc.x.D.axycvaByx. But aByx = 0. Hence axyc. 

By 12, if axcs, then axyc.axcB.2.xycB, which = 0. Hence 
AXCB = 0. By R, Bcxa = oO. 

By 10, Bcxy.A.9.BAxY~ BCXA. But Bcxa = 0. Hence BAXy. 
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By 12, if Bacx, then BAcx. BAxY.2.acxy, which = 0. Hence 


BACX = O. 
By 12, if yBac, then yBac.yYBCxX.>D.BACX, which = 0. Hence 


YBAC =O 


By 12, if yBxa, then yBCxX.YBxXA.2.BcxA, which = 0. Hence 
YBXA = 0. By R, axsBy = o. 
By 12, if cyBx, then cyBx.cyxa.9.yYBxa, which = o. Hence 


cyBx = 0. By R, xByc = o. 

By 10, acBYy.x.93.axByv acBx. But axBy = 0. Hence acpx. 

By 12, if acys, then acyB. acBx.2.cyBx, which = 0. Hence 
ACYB = O. 

By 10, xayc.B.9.xBycv xayB. But xpyc = 0. Hence xays. 

By 12, if xacy, then xacy.xayB.5.acyB, which = 0. Hence 
xacy = 0. By R, ycax = o. 

By 10, yBAxX.C.9.YcAax v YBAC, both of which = o. 

Hence Supposition 2 is false. Hence xcay. By R, yacx. 

We have Bxay and xcay. By R, yaxB and Yacx. 

By 12, yacx . YAXB. 2. ACXB. 

By 10, acxB.Y.9.ayxBvacxy. But acxy = 0. Hence Ayxs. 
By R, Bxya. . 

By 12, Bxcy . BIXYA. 3. XCYA. 

By 12, xcBpy .xcya.9.csBya. By R, ayBc. 

By 12, ayxB.aysc.9D.yxse. By R, cpxy. 

By 18, yxBc. YXBA.2.yYxcav xXBac. But yxca = 0. Hence xBac. 
By R, caBx. 


Supposition 3. Suppose BAXY = 0. By R, yxaB = o. 
By 12, if cBax, then cBAX.cBxXy.9.BAxXy, which = o. Hence 
CBAX = O. 


By 12, if ycax, then ycBA . YCAX . 2 . CBAX, which = o. 
Hence ycax = o. By R, xacy = o. 
By 12, if Bxac, then Bxac . Bxcy .9. xacy, which = 0. 


Hence Bxac = 0. By R, CAxB = oO. 

By 10, Bcxy.aA.9.BAXYY BCXA. But BAxy = 0. Hence Bcxa. 
By R, axcs. 

By 12, if axyc, then axyc.axcB.2.xycs, which = 0. Hence 
axyc = 0. By R, cyxa = o. 

By 10, if xacs, then xacB.Y.9.xycBy xacy. But xycB = 0 and 
xacy = 0. Hence xacB = oO. 

By 12, if yxac, then yxac . YxcB . 9. XacB, which = o. 
Hence YXac = 0. 








130 HUNTINGTON AND ROSINGER 


By 18, yxBaA.YxBc.93.yxacv xsca. But yxac = 0. Hence xsca. 

By 10, if ycaB, then ycaB.X.93.YXABY YCAX. But yxaB = 0 and 
ycaAx = 0. Hence ycaB = o. By R, Bacy = o. 

By 12, if xBcy, then xBac.xBcy.2.Bacy, which = 0. Hence 
XBCY = 0. 

By 10, xBca.yY.9.xycavxscy. But xpcy = 0. Hence xyca. 
By R, acyx. 

By 12, acyx . ACXB .2 . CYXB. 

By 10, cyxB.a.2.cCaxBycyxa, both of which = o. 

Hence Supposition 3 is false. Hence Baxy. By R, yxas. 


The items used in the remainder of the proof are the following, with 
their reverses: ACXY = 0, XYCB = 0; XCBA, ABCY; BCXY; YACB; YCXB; 
ABYX = 0; BYXC = 0; YBCX; BXAY; XCAY; CBYA, YXBC; CABX; BAXY. 

By 12, if Bacx, then BACX. BAXY.2.acxy, which = 0. Hence 
BACK = 0. By R, xcaB = o. 

By 10, xcay.B.93.xXBAYY xcaB. But xcaB=o0. Hence xBay. 
By R, YaBx. 

By 12, if yBac, then yBac.YBCx.2.Bacx, which = o. Hence 
yBac = 0. By R, caBy = o. 

By 10, cABX.Y.9.cYBX~cCaABYy. But caBy = 0. Hence cyBx. 
By R, xByc. 


By 12, XBAY . XBYC .2. BAYC. 
By 12, BAXY . BAYC.. AXYC. 
By 12, yxaB. YxBc.93.xaBc. By R, cBax. 
By 12, cBYA.CBAX .3. BYAX. 
By 12, yacB. YABX.2.acBx. By R, xBca. 
By 12, xBYC . XBCA.2. BYCA. 
By 12, BYCA. BYAX .2. YCAX. 
By 12, ycax . YCXB .2 . CAXB. 


By 12, if axcs, then axyc.axcB.2.xycsB, which = 0. Hence 
AXcB = 0. By R, Bcxa = Oo. 

By 10, if Byxa, then BYXA.C.2.BCXA¥ BYxC, both of which = o. 
Hence Byxa = 0. By R, axyB = oO. 

By 18, if caxy, then CAXB.CAXY.2.CABY¥ AXxyYB, both of which 
= 0. Hence caxy = 0. By R, yxac = o. 

By 12, if Bcax, then BCAxX.BCXY.2.caxy, which = 0. Hence 


BCAX = O. 

By 10, ByaAax.c.9.Bcax~» Byac. But Bcax = 0. Hence BYACc. 

By 12, if Byxa, then Byxa.BYAC.9.yYxac, which = o. Hence 
BYXA = 0. 











POSTULATES FOR SEPARATION OF POINT-PAIRS 131 


By 12, xcBa.xcay.9.csBay. By R, yasc. 

By 12, YAXB. YABC.9.aAxBec. By R, cBxa. 

By 12, if cBpyx, then cByx.cBxaA.2.Byxa, which = 0. Hence 
cBYxX = 0. By R, xyBc = o. 

By 12, yxaB.yxBc.9.xase. By R, cBax. 

By 12, cBYA. CBAX .9. BYAX. 

By 10, xcay.B.93.xBAy~ xcaB. But xcaB = 0. Hence xBay. 
By R, YABx. 

By 12, yacB. YABX.D.acBx. By R, xsBca. 

By 12, xByc . XBCA.5. BYCA. 

By 12, BYcA . BYAX ..D. YCAX. 

By 12, ycax . YCXB . 5D . CAXB. 

By 10, CAXB.Y.9.cyxBycaxy. But caxy = 0. Hence cyxs. 
By R, Bxyc. 

By 12, BXAY . BXYC .2 . XAYC. 

By 10, xaBC.Y.9.xyBcv xaBy. But xypc = 0. Hence XaBy. 

By 12, XABY . XAYC. 9. ABYC. 

By 10, aByc.x.93.axycvaByx. But aByx = 0. Hence axyc. 
By R, cyxa. , 

By 10, cAaBX.Y.9.cyBx»caBy. But caBy = 0. Hence cyBx. 

By 12, cYBx . CYXA.D . YBXA. 

By 12, yBcx . YBxa.2.Bcxa. By R, Aaxces. 

By 12, axyc . AXCB.2. xycB, which = o. 

Hence the original supposition is false. Hence Acxy v BCYx. 


CONSTRUCTION OF EXAMPLES OF SysTEMs (K, R). 


In the following examples of systems (K, R), the class K consists, 
in each case, of five elements, 1, 2, 3, 4, 5, and the relation R (A, B, 
C, D) is defined by exhibiting, in each case, the tetrads which are 
supposed to be true in that case. (There are 120 possible tetrads 
formed from the five elements, 1, 2, 3, 4, 5.) 

For brevity, the notation 1234G denotes not only the tetrad 1234, 
but also all the tetrads which can be derived from it by the use of 
Postulate G; that is, 1234G stands for the four tetrads, 1234, 2341, 
3412, 4123. 

Similarly, 1234R denotes not only 1234 but also 4321 (which is 
derived from it by the use of Postulate R). 

So 1234GR stands for all eight of the tetrads, 1234, 2341, 3412, 
4123; 3214, 2143, 1432, 4321. 
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The numbering of the examples begins with 200 to avoid confusion 
with earlier lists. 

The properties which these systems possess will be set forth in the 
tables below. 


Ex. 200. 1234GR, 1235GR, 1245GR, 1345GR, 2345GR. 
(“ Reversible order on a closed line.’’) 

‘x. 201. All tetrads false. 

Ex. 202. 1234G, 1235G, 1245G, 1345G, 2345G. (“Cyclic order.’’) 

Ex. 203. 1234GR. 

Ex. 204. 1234R, 1254R, 1324R, 1354R, 1524R, 1534R. 

Ex. 205. 1234GR, 1235GR, 1243GR, 1245GR, 1253GR, 1254GR. 

Ex. 206. All the ninety-six tetrads which include the element 1. 

Ex. 207. 1234R, 1254R, 1324R, 1354R, 1524R, 1534R, 2135R, 
2145R, 2315R, 2345R, 2415R, 2435R. 

Ex. 208. All tetrads true. 

Ex. 209. 1234R, 1235, 1245, 1345, 2145, 2345, 4521. 

Ex. 210. 1234GR; 1235G, 1254G, 1324G, 1325G, 1354G, 1425G, 
1435G. 

Ex. 211. 1234GR, 1235G, 1245G, 1345G, 2345G. 

Ex. 212. 1234R, 1235R, 1245R, 1345R, 2345R. (“ Betweenness.’’) 

yx. 213. 1235GR, 1243GR, 1354GR, 1425GR, 2345GR. 

Ex. 214. 1235GR, 1243GR, 1245GR, 1345GR, 2354GR. 

Ex. 215. All the 120 possible tetrads except 2435GR. 

Ex. 216. All except 1245R, 1354R, 2135R, 2453R, 3124R. 

Ex. 217. 1234, 1245, 1254, 1324, 1325, 1345, 1354, 1524, 1534, 3125, 
3145, 3215, 3245, 3415, 3425, with all their reverses. 

Ex. 218. 1235R, 1243R, 1423R, 1425R, 1435R, 1543R, 4235R. 

Ex. 219. 1234R, 1245R, 1354R, 2345R, 3125R. 

Ex. 220. 1234R, 1245, 1345, 1534, 2145, 2345, 4521, 5213, 5413. 

Ex. 221. 1234GR, 1235GR, 1248GR, 1245GR, 1253GR, 1254GR, 
1345GR, 1354GR, 2345GR, 2354GR. 

1234GR, 1235G, 1254G, 2345G, 3415G. 

All tetrads except 2135R, 2145R, 2315R, 2345R, 2415R, 

2435R. 

Ex. 224. 1234, 1235, 1245, 1324, 1325, 1345, 1423, 1425, 1435, 1523, 
1542, 1543, 2143, 2153, 2154, 2314, 2315, 2354, 2413, 2453, 
2513, 2514, 2543, 3154, 3245, 3514, 4215, 4235, 4315, 4325, 
with all their reverses. 

Ex. 225. 1235R, 1243, 1254, 1354, 1435, 1543, 2145, 2345, 5421. 
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1234R, 1235R, 1254R, 1345R, 2145R, 2345R. 

1234, 1235, 1248, 1245, 1253, 1254, 1345R, 1453R, 1543R, 
2143, 2341, 2345, 2351, 2354, 2431, 2435, 2451, 2453, 2531, 
2534, 2541, 25438, 3241, 3251, 4231, 4251, 4351, 4531, 5231, 
5241, 5341. 

1235, 1243, 1245, 1453, 2435R. 

1235GR, 1243GR, 1345GR, 1425GR, 2345GR. 

1345GR, 2345GR. 

1234GR, 1235G, 4215G, 4315G, 5324G. 

1234G, 1235GR, 1324GR, 1425GR, 14385GR, 2315G, 
2345G, 2354GR, 4215G, 4315G. 

1234G, 1235G, 1342G, 1345G, 1352G, 1354GR, 1423G, 
1425GR, 14385GR, 1452G, 1523G, 1542G, 2345G, 2354G. 

All tetrads except 1245GR, 1254GR. 

1234GR, 1235GR, 1324GR, 1325GR, 1425GR, 1435GR, 
2345GR 2354GR. 

1234GR, 1235GR, 1248GR, 1324GR, 1345GR, 1425GR, 
2345GR, 2354GR, 2435GR. 

1234GR, 1235GR, 1243GR, 1325GR, 1345GR, 1354GR, 
1425GR, 2435GR. 

1234, 1235, 1342, 1352, 1354, 1432, 1452, 1453, 1532, 1542, 
21438, 2145, 2153, 2354, 2453, 3145, 3214, 3215, 3245, 4125, 
4135, 4215, 4235, 4315, 4325, and their reverses. 

1234, 1235, 1342, 1345, 1352, 1354, 1452, 1542, 2134, 2135, 
2345, 2354, 2453, 2543, and their reverses. 

1234R, 1235, 1342, 1345, 1352, 13854, 1452, 1542, 2145, 
2154, 2345, 2354, 3142, 3152, 3452, 3542, 4521. 

1234, 1235, 1324, 1325, 1423, 1432, 1452, 1453, 1523, 1532, 
1542, 1543, 2145, 2154, 2314, 2315, 2345, 2354, 2415, 
2514, 3145, 3154, 3214, 3215, 3245, 3254, 3415, 3514, 
4235, 4325, and their reverses. 

All tetrads except 1248R, 1245R, 1253R, 1254R, 1324R, 
1325R, 1423R, 1425R, 1523R, 1524R, 3124R, 3125R, 
3245R, 3254R, 3425R, 3524R. 

1234, 1235, 1243, 1325, 1342, 1345, 1352, 1423, 1425, 1482, 
1435, 1452, 1523, 1543, 2134, 2135, 2145, 2154, 2314, 
2315, 2345, 2354, 2415, 3124, 3145, 3214, 3215, 3245, 
3415, 3425, 3514, 3524, 4125, 4135, 4215, 4235, 4325, 
and their reverses. 
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1234, 1235, 1342, 1345, 1352, 1354, 1452, 1542, 2134, 2135, 
2145, 2154, 2314, 2315, 2345, 2354, 2413, 2453, 2513, 
2543, 3145, 3154, 3214, 3215, 4125, 4135, 4215, 4235, 
4315, 4325, and their reverses. 

1234G, 1235G, 1243G, 1245G, 1253G, 1254G, 1425GR, 
1435GR, 2314G, 2315G, 2345G, 2354G, 2435GR, 4315G, 
5314G. 

1234GR, 1235G, 1243G, 1245G, 1253GR, 1254GR, 1435GR, 
2435GR, 4315G, 4325G. 

All tetrads except 12483GR, 1245GR, 1325GR, 1345GR, 
1354GR, 2345GR. 

1234, 1235, 3214, 3215, 4125, 4135, 4215, 4235, 4315, 4325, 
and their reverses. 

1234, 1235, 1324, 1325, 1425, 1432, 1435, 1523, 1524, 1534, 
2143, 2145, 2315, 2345, 2413, 2415, 2513, 2514, 2543, 
3145, 3214, 3254, 3415, 3514, 4235, 4325, and their re- 
verses. 

1234R, 1235R, 1245R, 1435R, 2345R. 

1234R, 1235R, 1245R, 2354R, 3415R. 

1234R, 1235R, 1435R, 1542R, 2345R. 

1234, 1235, 1245, 1453, 2345R. 

1234R, 1235, 1435, 2145, 2345, 4521. 

1234R, 1235R, 1245R, 1254R, 1435R, 2345R, 2354R. 

1234R, 1235R, 12438R, 1245R, 1253R, 1254R, 1543R, 
2143R, 2543R, 3415R, 3425R. 

1234R, 1235, 1243, 1245, 1253, 1254, 2341, 2345, 2351, 2354, 
2431, 2435, 2451, 2453, 2531, 2534, 2541, 2543, 3241, 3251, 
3451, 3541, 4231, 4251, 4351, 4521, 4531, 5231, 5241, 
5341, 5431. 


All tetrads except 1345R, 1354R, 1324R, 2134R. 


1234G, 1235G, 1243GR, 1245G, 1253G, 1254G, 1324G, 
1325G, 1345G, 1354GR, 1425G, 1435GR, 2435GR, 
2453G, 2543G. 

1234R, 1235R, 1345R, 2453R, 4125R. 

1234, 1235, 1245, 1324, 13825, 1345, 4125, 4135, 4215, 4235, 
4315, 4325, and their reverses. 

1234R, 1235, 1342, 1345, 1423, 1425, 2153, 2453, 4521. 

1234R, 1235, 1342, 1345, 1352, 1354, 1452, 1542, 2315, 2415, 
3142, 3152, 3452, 3542, 4521. 

1234, 1235, 1245, 1254, 1324, 1325, 1345, 1354, 2143, 2153, 

2413, 2453, 2513, 2543, and their reverses. 
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Ex. 265. 1234R, 1235R, 1345R, 1354R, 2514R, 3524R. 

Ex. 266. All tetrads except 1245G and 1354G. 

Ex. 267. All tetrads except 1245GR, 1325GR, 1354GR, 2435GR. 

Ex. 268. 1234R, 1235R, 1254R, 1345R, 2354R. 

Ex. 269. 1234, 1235, 1253, 1254, 1325, 1342, 1345, 1425R, 1534R, 
2134, 2341, 2345, 2351, 2354, 2451, 2531, 2534, 2541, 
3125, 3241, 3251, 3421, 3425, 3451, 3541, 4251, 5341. 

Ex. 270. 1234R, 1235, 1342, 1345, 1352, 1452, 2145, 2154, 2345, 2354, 
3152, 3452, 4521. 

Ex. 271. 1234R, 1235R, 1345R, 1425R, 2134R, 2345R, 2354R. 

Ex. 272. All tetrads except 1243R, 1245R, 1253R, 1254R, 1324R, 
1352R, 1354R, 1423R, 1452R, 1453R, 1523R, 1524R, 
1542R, 1543R, 2453R, 2513R, 2543R, 3124R, 3154R, 
3245R, 3254R, 3524R. 

Ex. 273. All tetrads except 1243R, 1245R, 1352R, 1354R, 1423R, 
1425R, 1532R, 1534R, 2354R, 2534R, 3245R, 3425R. 

Ex. 274. All tetrads except 1245GR, 1324GR, 2354GR. 

Ex. 275. 1234R, 1235, 1254R, 1342, 1345, 1352, 1354, 1452, 1542, 
2145, 2345, 3142, 3152, 3452, 3542. 

Ex. 276. 1234R, 1235R, 1254R, 1345R, 1354R, 2135R, 2145R, 
2345R. 

Ex. 277. All tetrads except 1243R, 1245R, 1253R, 1423R, 1453R, 
1523R, 1524R, 1532R, 1534R, 1543R, 2143R, 2153R, 
2154R, 2354R, 2534R, 3245R, 3514R, 3524R. 

Ex. 278. 1234, 1235, 1342, 1345, 1352, 1354, 1452, 1542, 2145, 2345, 
3142R, 3152R, 3452, 3542. 

Ex. 279. 1234R, 1235R, 1345R, 1354R, 1425R, 2135R, 2345R. 

Ex. 280. All tetrads except 1345G and 2354G. 

Ex. 281. 1234R, 1235, 1324, 1352, 1354, 1524, 2145, 2345, 3124, 3524, 
4521. 

Ex. 282. 1234R, 1235R, 1354R, 1425R, 2345R. 

Ex. 283. 1234R, 1235, 1243, 1245, 1342, 1352, 1354, 1435, 1542, 2135, 
2145, 2345, 2435, 3142, 3542, 4521. 

Ex. 284. 1234R, 1235, 1243, 1245, 1253, 1254R, 1354, 1435, 1534, 
2134, 2135, 21438, 2145, 2153, 2154, 2345, 2435, 2534. 

Ex. 285. All tetrads except 1345R and 2354R. 

Ex. 286. All tetrads except 1342R, 13845R, 1532R, 1542R, 2134R, 
2154R, 2315R, 2345R, 2354R, 4315R. 

Ex. 287. 1234, 1235, 1324, 1325, 2145, 2314, 2315, 2345, 3145, 3214, 
3215, 3245, 4125, 4135, 4215, 4235, 4315, 4325, and their 
reverses. 
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TABLE OF THEOREMS. 


The following table of theorems gives several items of information. 
The use of the table may best be explained by a concrete illustration. 

Line 35, for instance, tells us what can be done with Postulates G, 
H,19. Thus: 

In the first place, the ztalic figures within parentheses tell us that 
Postulates G, H, 19 imply Postulates 14, 17, and 18, as proved in 
Theorem 14.19, Theorem 17.21, and Theorem 18.18 respectively. 

In the second place, the empty brackets tell us that Postulates G, H, 
19 imply also Postulates 15 and 16, but that not all of the Postulates 
G, H, 19 are required for the proof. (It will be found from line 107 
that Postulates 15 and 16 follow from H and 19 alone.) 

In the third place, the dots tell us that Postulates F, R, 10, 11, 12, 
13 are not deducible from Postulates G, H, 19. 

Finally, the Roman numeral IX at the end of the line shows that 
the theorems on this line are useful in connection with the “Set IX”’ 
of independent postulates. All the theorems required for Set IX 
(that is, all the theorems required for deducing the remaining postu- 
lates from Postulates F, G, H, R, 11, 19) are listed in the lines marked 
IX. (The lines marked with IX in parentheses contain alternative 
theorems which may be used in connection with Set IX but are not 
required for that purpose.) 
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TABLE OF EXAMPLES. 


The following table states which postulates are satisfied by each of 
the eighty-eight systems (K, R) which were constructed above. The 
numbering of the examples begins with 200 to avoid confusion with 
earlier lists. 

Either a dot or a dash indicates that the system fails to satisfy the 
postulate in question. For instance, line 235 of the table shows that 
Example 235 satisfies Postulates F,’ R,’ F, G, R, 10, 11, 18, but fails 
to satisfy Postulates H, 12, 13, 14, 15, 16, 17, 19. 

The 154 dashes in the table give 154 theorems on non-deducihility. 
For instance, line 235 contains five such theorems on non-deducibility, 
since it shows that Postulates 14, 15, 16, 17, and 19 cannot be deduced 
from Postulates F’, R’, F, G, R, 10, 11, 18. The dots in line 235 are 
to be interpreted as follows: Postulates H, 12, and 13 are not deducible 
from F’, R’, F, G, R, 10, 11, 18, but in the case of these three postulates 
stronger examples will be found elsewhere in the table. (Thus, Ex- 
ample 208 is a stronger example for H; and Example 221 is a stronger 
example for 12 and 13.) 

If we wish to find all the theorems on non-deducibility which con- 
cern any particular postulate, we have merely to pick out all the 
dashes which occur in the column corresponding to that postulate. 

These 154 theorems on non-deducibility, together with the 267 
theorems on deducibility given in the previous table, will be found to 
be exhaustive; that is, the two tables together enable us to determine 
at once whether any given postulate of our basic list is or is not de- 
ducible from any given combination of the postulates of the list. 

For instance, if we ask whether Postulate 15 is deducible from G, 
10, 11, 14, 16, 18, the answer is Yes, since line 54 of the table shows 
that 15 follows from G, 10, 11, 14, 16 even without the use of 18. 
Again, if we ask whether Postulate 15 is deducible from G, 10, 11, 18, 
19, the answer is No, since line 232 of the table shows that 15 is not 
deducible from G, 10, 11, 18, 19, even with the aid of F’, R’, F, and 
16. Ina similar manner, every question of this kind can be answered 
at once, by inspection of the tables. 
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POSTULATES FOR SEPARATION OF POINT-PAIRS 145 


























Exif WiFf GH 10; 11 12 13 | 14 15 16;17 18 19 
air Fire RA 11 612 «13 - 16 

So. oe a - 111 2 - |4 - 18 
me ir Wirt: 10; 11 12 13); -:- - 

eer wie + « i s - 2 - | 14 - Wi? 3 19 
aeir Wir: - Rw =. 4 - -|7 
oir @wiF « - 10; 11 12 14 - 16,17 18 19 
meir Wirt - - RIB 14 — 16/17 18 19 
259 | F’ RI FG .- tee eo ee a 
260 | F’ R’| F - AR WT 12 Wi) - «WH OC ec 

261 | fF’ WF - ARO] MW - 123;914 «1 -|7 .- 
ie wae + & wits twtwis- @ - 4 
meier wir - - 10; 11 12 13); - 8 -|7 - 19 
264 | F’ R’| F - BR} 10) - 13; 14 15 -|17 18 19 
265 | F’ R’| F - Mi-ritt % Wwi- W-it - & 
266 | F’ R’| FG .:- Or- - « |% HW Wi- WwW wy 
267 | F’ R’| FG - R{ 10 14 15 16 3 - 
268 | F’ RR’! F HR - 12 461 Wi- WwW Oe 
weir Wire - [Bin BW -|e WH Wi- Ww Be 
meiner wit: + -|}ity @W@Wi- Ww wi- Ww Ww 
eae wer + + @ise tH 8 Wi- @ Bi- @ es 
eae wie « = Bigs - -« - 16 Wi - Ww 9 
273 | F’ R’| F - - KR} 10] 11 4 1 Wi - - W 
aie ete @ + By: i «+ a a aera =— 
avo; WiF-: - -1|;1t - Wi) 4 HG Witvw - 
276 | F’ WiF- - Ri - |W - Wm SH UWiwi- (iW 
waite wiv « @im@iay - -i@ @ Wit - 
meie wit: + -| 7 2 Wi- WwW wwiw- ww 
seir Wire + Bi - | TW Wi) - WH war - CU 
meier wir@.- -i|;WMi- - -|wW we wiv we - 
ier Mie > = 10; 11 12 13; - 15 16 - 
me ier wire Wet e it OW Oel}lCU CUT tl etlhlUle 
eine wif. - 70);11 12 - 114 1 Wi; - 2 - 
284 F’ RIF .- -110;11 - ++ | 14 1 27 Ww - 
286 | FF’ RIF - Ri; - - -+- | 14 16 16,17 8 - 
=e ir wit - 28. 2S ae ee ee oe 
287 | F’ RF .:- 2% 33.38 mm 3 See | eee 





These two tables, which summarize the conclusions of the paper, 
are complete, and free from redundancies. 








